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THE REALIZATION SPACE OF AN UNSTABLE COALGEBRA
GEORG BIEDERMANN, GEORGIOS RAPTIS, AND MANFRED STELZER
Abstract. Unstable coalgebras over the Steenrod algebra form a natural tar-
get category for singular homology with prime field coefficients. The realization
problem asks whether an unstable coalgebra is isomorphic to the homology of
a topological space. We study the moduli space of such realizations and give a
description of this in terms of cohomological invariants of the unstable coalge-
bra. This is accomplished by a thorough comparative study of the homotopy
theories of cosimplicial unstable coalgebras and of cosimplicial spaces.
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1. Introduction
Let p be a prime and C an unstable (co)algebra over the Steenrod algebra
Ap. The realization problem asks whether C is isomorphic to the singular Fp-
(co)homology of a topological space X . In case the answer turns out to be affirma-
tive, one may further ask how many such spaces X there are up to Fp-homology
equivalence. The purpose of this work is to study a moduli space of topological
realizations associated with a given unstable coalgebra C. Our results give a de-
scription of this moduli space in terms of a tower of spaces which are determined by
cohomological invariants of C. As a consequence, we obtain obstruction theories for
the existence and uniqueness of topological realizations, where the obstructions are
defined by Andre´-Quillen cohomology classes. These obstruction theories recover
and sharpen results of Blanc [7]. Moreover, our results apply also to the case of
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rational coefficients. We thus provide a unified picture of the theory in positive and
zero characteristics.
Let us start by briefly putting the problem into historical perspective. The
realization problem was explicitly posed by Steenrod in [58]. In the rational context,
at least if one restricts to simply-connected objects, such realizations always exist
by celebrated theorems of Quillen [49] and Sullivan [59]. In contrast, there are
many deep non-realization theorems known in positive characteristic: some of the
most notable ones are by Adams [2], Liulevicius [40], Ravenel [50], Hill-Hopkins-
Ravenel [36], Schwartz [55], and Gaudens-Schwartz [28].
Moduli spaces parametrizing homotopy types with a given cohomology alge-
bra or homotopy Lie algebra were first constructed in rational homotopy the-
ory. The case of cohomology was treated by Fe´lix [27], Lemaire-Sigrist [39], and
Schlessinger-Stasheff [53]. All these works relied on the obstruction theory devel-
oped by Halperin-Stasheff [33]. The (moduli) set of equivalence classes of real-
izations was identified with the quotient of a rational variety by the action of a
unipotent algebraic group. Moreover, Schlessinger and Stasheff [53] associated to
a graded algebra A a differential graded coalgebra CA, whose set of components,
defined in terms of an algebraic notion of homotopy, parametrizes the different real-
izations of A. This coalgebra represents a moduli space for A which encodes higher
order information.
An obstruction theory for unstable coalgebras was developed by Blanc in [7].
He defined obstruction classes for realizing an unstable coalgebra C and proved
that the vanishing of these classes is necessary and sufficient for the existence of a
realization. Furthermore, he defined difference classes which distinguish two given
realizations. Both kinds of classes live in certain Andre´-Quillen cohomology groups
associated to C. Earlier, Bousfield [13] developed an obstruction theory for realizing
maps with obstruction classes in the unstable Adams spectral sequence. For very
nice unstable algebras, obstruction theories using the Massey-Peterson machinery
[42] were also introduced by Harper [34] and McCleary [43] already in the late
seventies.
In a landmark paper, Blanc, Dwyer, and Goerss [8] studied the moduli space of
topological realizations of a given Π-algebra over the integers. Again, the compo-
nents of this moduli space correspond to different realizations. By means of sim-
plicial resolutions, the authors showed a decomposition of this moduli space into
a tower of fibrations, thus obtaining obstruction theories for the realization and
uniqueness problems for Π-algebras. Their work relied on earlier work of Dwyer,
Kan and Stover [24] on resolution (or E2) model categories which was later gen-
eralized by Bousfield [14]. Using analogous methods, Goerss and Hopkins in [30],
and [29], studied the moduli space of E8-algebras in spectra which have a pre-
scribed homology with respect to a homology theory. Their results gave rise to
some profound applications in stable homotopy theory [52].
In this paper, we consider an unstable coalgebra C over the Steenrod algebra
and we study the (possibly empty) moduli space of realizations MToppCq. We
work with unstable coalgebras and homology, instead of unstable algebras and co-
homology, because one avoids in this way all kinds of issues that are related to
(non-)finiteness. In the presence of suitable finiteness assumptions, the two view-
points can be translated into each other. We exhibit a decomposition of MToppCq
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into a tower of fibrations in which the layers have homotopy groups related to the
Andre´-Quillen cohomology groups of C. Our results apply also to the rational case.
The decomposition ofMToppCq is achieved by means of cosimplicial resolutions and
their Postnikov decompositions in the cosimplicial direction, following and dualiz-
ing the approach of [8]. At several steps, the application of this general approach
to moduli space problems from [8] requires non-trivial input and this accounts in
part for the length of the article. Another reason is that the article is essentially
self-contained.
We will now give the precise statements of our main results. Following the work
of Dwyer and Kan on moduli spaces in homotopy theory, a moduli space of objects
in a certain homotopy theory is defined as the classifying space of a category of weak
equivalences. Under favorable homotopical assumptions, it turns out that this space
encodes the homotopical information of the spaces of homotopy automorphisms of
these objects. We refer to Appendix C for the necessary background and a detailed
list of references.
Fix a prime field F and an unstable coalgebra C over the corresponding Steenrod
algebra. We consider the category WToppCq whose objects are all spaces with F-
homology isomorphic to C, as unstable coalgebras, and whose morphisms are the
F-homology equivalences. The realization space MToppCq is the classifying space
of the category WToppCq. For the decomposition of this space into a tower of more
accessible spaces, we replace actual topological realizations with their cosimplicial
resolutions regarded as objects in an appropriate model category of cosimplicial
spaces. These resolutions are given by products of Eilenberg-MacLane spaces of
type F in each cosimplicial degree. More precisely, they are fibrant replacements in
the resolution model structure cSG on the category of cosimplicial spaces cS with
respect to the class G of Eilenberg-MacLane spaces.
There is a notion of a Postnikov decomposition for such resolutions defined in
the cosimplicial direction. It is given by the skeletal filtration. Its terms are char-
acterized by connectivity and vanishing conditions similar to the classical case of
spaces. A potential n-stage for C is then defined to be a cosimplicial space which
satisfies such conditions so that it may potentially be the pn ` 1q-skeleton of an
actual realization. The definition makes sense also for n “ 8, giving rise to the
notion of an 8-stage. The category whose objects are potential n-stages for C
defines a moduli space MnpCq in cS
G and the derived skeleton functor induces a
map
skcn : MnpCq ÑMn´1pCq.
The following theorem addresses the relation between the moduli spaces of8-stages
and genuine realizations of C.
Theorem 7.2.11. Let C be an unstable coalgebra. Suppose that the homology
spectral sequence of each 8-stage X‚ for C converges strongly to H˚pTotX
‚q. Then
the totalization functor induces a weak equivalence
M8pCq »MToppCq.
This is the case if the unstable coalgebra C is simply-connected, i.e. C1 “ 0 and
C0 “ F.
As a further step towards a decomposition of M8pCq, we show:
4 GEORG BIEDERMANN, GEORGIOS RAPTIS, AND MANFRED STELZER
Theorem 7.2.9. Let C be an unstable coalgebra. There is a weak equivalence
M8pCq » holim
n
MnpCq.
The difference between MnpCq and Mn´1pCq is explained in the next theorem
but we first need to introduce some notation. Given a coabelian unstable coalgebra
M ‘ F where M is also a C-comodule, there is a cosimplicial unstable coalgebra
KCpM,nq of “Eilenberg-MacLane type”, as explained in Section 4. This object
co-represents Andre´-Quillen cohomology. Then we define Andre´-Quillen spaces to
be the (derived) mapping spaces in the model category of cosimplicial unstable
coalgebras under C:
AQ
n
CpC;Mq :“ map
der
cpC{CAqpKCpM,nq, cCq,
where cC denotes the constant cosimplicial object defined by C. The homotopy
groups of this mapping space yield the Andre´-Quillen cohomology of C with coeffi-
cients in M . Let us write Crns for the C-comodule and unstable module obtained
from C by shifting n degrees up with respect to its internal grading. The automor-
phism group AutCpCrnsq acts on AQ
k
CpC;Crnsq, for any k, and has a homotopy
fixed point at the basepoint which represents the zero Andre´-Quillen cohomology
class. We denote the homotopy quotient by ĂAQkCpC;Crnsq.
Theorem 7.2.7. Let C be an unstable coalgebra. For every n ě 1, there is a
homotopy pullback square
MnpCq //
skcn

BAutCpCrnsq

Mn´1pCq // ĂAQn`2C pC;Crnsq.
As a consequence, we obtain:
Corollary 7.2.8. Let X‚ be a potential n-stage for an unstable coalgebra C. Then
there is a homotopy pullback square
AQ
n`1
C pC;Crnsq
//

MnpCq
skcn

˚
skcnX
‚
//Mn´1pCq.
Finally, the bottom of the tower of moduli spaces can be identified as follows.
Theorem 7.2.1. Let C be an unstable coalgebra. There is a weak equivalence
M0pCq » BAutpCq.
Before proving these results, we need to develop two main technical tools. The
first tool is a cosimplicial version of the spiral exact sequence, which first appeared
in the study of the E2-model structure on pointed simplicial spaces by Dwyer-Kan-
Stover [25]. In particular, its structure as a sequence of modules over its zeroth term
will be important. The spiral exact sequence establishes a fundamental link between
the homotopy theories of cosimplicial spaces and cosimplicial unstable coalgebras.
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We also give a detailed account of the homotopy theory of cosimplicial unstable
coalgebras. This culminates in a homotopy excision theorem for cosimplicial un-
stable coalgebras. It leads to the following homotopy excision theorem in cSG , the
resolution model category of cosimplicial spaces with respect to Eilenberg-MacLane
spaces. This is our second main tool.
Theorem 6.2.6 (Homotopy excision for cosimplicial spaces). Let
E‚

// X‚
f

Y ‚
g // Z‚
be a homotopy pullback square in cSG where f is m-connected and g is n-connected.
Then the square is homotopy pm` nq-cocartesian.
A detailed account of the resolution model category cSG will be given in Section
6. Let us simply mention here that a map of cosimplicial spaces is a weak equiva-
lence in cSG if the induced map on homology is a weak equivalence of cosimplicial
unstable coalgebras. The relevant connectivity notion in the theorem can be defined
in terms of the cohomotopy groups of cosimplicial unstable coalgebras.
The paper is structured as follows.
Resolution model categories of cosimplicial objects with respect to a class of
injective models G are studied in Sections 2 and 3. In Section 2, we give a brief
review of Bousfield’s work [14] and then we define and study some useful properties
of the class of (quasi-)G-cofree maps. In Section 3, we introduce the natural ho-
motopy groups with respect to G and compare them with the E2-homotopy groups
of a cosimplicial object. The main result is the all-important spiral exact sequence
(Theorem 3.3.1). Finally, we discuss the notion of cosimplicial connectivity with
respect to G.
Section 4 is concerned with the homotopy theory of cosimplicial unstable coal-
gebras. First we review some basic facts about the categories of unstable right
modules and unstable coalgebras. The model structure on cosimplicial unstable
coalgebras is an example of a resolution model category. We study the homo-
topy theory of cosimplicial comodules over a cosimplicial coalgebra and discuss the
Ku¨nneth spectral sequences in this setting (Theorem 4.5.1) - which are dual to the
ones proved in [48]. Using these spectral sequences, we obtain a homotopy excision
theorem for cosimplicial unstable coalgebras (Theorem 4.6.5).
In Section 5, we recall the definition of Andre´-Quillen cohomology of unsta-
ble coalgebras following [48]. We construct certain twisted “Eilenberg-MacLane”
objects KCpM,nq and observe that they co-represent Andre´-Quillen cohomology.
Furthermore, we determine the moduli spaces of these objects which will later be
needed for the proof of Theorem 7.2.7. We study the skeletal filtration of a cosim-
plicial unstable coalgebra and prove that it defines a Postnikov decomposition with
respect to the cohomotopy groups. Moreover, using the homotopy excision theo-
rem, we prove that each map in this skeletal filtration is a “principal cofibration”,
i.e., it is a pushout of an attachment defined by a map from a twisted Eilenberg-
MacLane object (see Proposition 5.4.1). This yields dual versions of k-invariants
which enter into the obstruction theory. The application of the homotopy excision
theorem is immediate in this case because the maps of the filtration are at least
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1-connected; a final subsection analyzes in detail some subtle points of the case of
0-connected maps which may also be of independent interest.
Section 6 is devoted to the resolution model category of cosimplicial spaces with
respect to the class of F-GEMs, the generalized Eilenberg-MacLane spaces of type
F. The Ku¨nneth theorem for singular homology with field coefficients provides an
important link between the topological and the algebraic homotopy theories and
its consequences are explained. As an example, the homotopy excision theorem
for cosimplicial spaces is deduced from the one for cosimplicial unstable coalgebras
(Theorem 6.2.6). We prove the existence of twisted “Eilenberg-MacLane” objects
LCpM,nq in cosimplicial spaces and study their relation with the objects of type
KCpM,nq (Proposition 6.3.10). These new objects appear as layers of the Postnikov
decomposition of a cosimplicial space that is obtained from its skeletal filtration (see
Proposition 6.4.1). Although the homology of an L-object is not a K-object, these
two types of objects are nevertheless similar with respect to their functions in each
homotopy theory. Ultimately it is this fact that allows a reduction from spaces to
unstable coalgebras.
Section 7 starts with a discussion of potential n-stages defined as cosimplicial
spaces that approximate an honest realization. A key result which determines when
a potential n-stage admits an extension to a potential pn`1q-stage is easily deduced
from results of the previous sections (Theorem 7.1.11). Then a synthesis in the
language of moduli spaces of the results obtained so far, especially on Postnikov
decompositions and the relation between K- and L-objects, produces our main
results about the moduli space of realizations of an unstable coalgebra as listed
above.
The paper ends with three appendices that contain results which are used in the
rest of paper but may also be of independent interest.
The spiral exact sequence is constructed in Appendix A. This is done in a general
cosimplicial unpointed resolution model category. The spiral exact sequence relates
the two types of homotopy groups which one associates to a cosimplicial object in
a resolution model category. An additional algebraic structure on the spiral exact
sequence, an action of its zeroth term, is explored in detail. Finally, the associated
spiral spectral sequence is discussed.
In Appendix B, we give a description of unstable algebras in terms of algebraic
theories. This extends also to rational coefficients. The result is used to translate
the abstract study of the spiral exact sequence in Appendix A to our concrete
setting. In a final subsection, we identify the spiral spectral sequence as the vector
space dual of the homology spectral sequence of a cosimplicial space.
In Appendix C, we provide a brief survey of some necessary background material
on moduli spaces in homotopy theory. The material is mainly drawn from several
papers of Dwyer and Kan, with some slight modifications and generalizations on a
few occasions in order to fit the purposes of this paper.
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2. Resolution model categories
We review the theory of resolution model structures due to Dwyer-Kan-Stover [24]
and Bousfield [14]. We are especially interested in the cosimplicial and unpointed
version from [14, Section 12]. In Subsection 2.1, we recall some basic facts about
the categories of cosimplicial objects. Subsection 2.2 provides a short summary of
resolution model structures. The last Subsection 2.3 is concerned with the class
of quasi-G-cofree maps. These are analogues of relative cell complexes in the set-
ting of a cosimplicial resolution model category and are useful in producing explicit
factorizations.
2.1. Cosimplicial objects. This section fixes some notation and recalls several
basic constructions related to cosimplicial objects.
We denote by ∆ the category of finite ordinals. Its objects are given by n “
t0 ă 1 ă . . . ă nu for all n ě 0. The morphisms are the non-decreasing maps.
Let M be a complete and cocomplete category. We denote by cM the category of
cosimplicial objects in M, i.e. the category of functors from ∆ to M. For an object
X in M, let cpXq or cX denote the constant cosimplicial object at X .
Definition 2.1.1. For a cosimplicial object X‚ in M we define its n-th matching
object by
MnX‚ :“ lim
rns։rks
kăn
Xk
and its n-th latching object by
LnX‚ :“ colim
rksãÑrns
kăn
Xk.
We recall the definition of the Reedy model structure on the category cM (see, e.g.,
[31]). A map X‚ Ñ Y ‚ is
(1) a Reedy equivalence if for all n ě 0, the mapXn Ñ Y n is a weak equivalence
in M.
(2) a Reedy cofibration if for all n ě 0, the induced map
Xn YLnX‚ L
nY ‚ Ñ Y n
is a cofibration in M.
(3) a Reedy fibration if for all n ě 0, the induced map
Xn Ñ Y n ˆMnY ‚ M
nX‚
is a fibration in M.
Let S denote the category of simplicial sets. The term “space” will refer to a
simplicial set unless explicitly stated otherwise.
Definition 2.1.2. Assume thatM is simplicially enriched, tensored and cotensored
over S. Then the internal simplicial structure on cM is defined by
pX‚ bint Kqn “ Xn bK , homintpK,X‚qn “ hompK,Xnq
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and
mapintpX‚, Y ‚qn “ HomMpX
‚ bint ∆n, Y ‚q,
where X‚ and Y ‚ are objects in cM and K is in S.
Proposition 2.1.3. The Reedy model structure on cM is compatible with the in-
ternal simplicial structure. The adjoint functors
p´q0 : cMReedy Õ M : c
define a simplicial Quillen adjunction.
Proof. See, e.g., [14, 2.6]. 
For any n ě 0, we denote by ∆ďn the full subcategory of ∆ given by the objects
ℓ with 0 ď ℓ ď n. We denote the category of functors from ∆ďn to M by cnM.
The inclusion functor in : ∆ďn Ñ ∆ induces a restriction functor
i˚n : cMÑ cnM
which has a right adjoint ρn and a left adjoint λn. We define the n-th skeleton of
a cosimplicial object X‚ by
sknX
‚ :“ λni
˚
nX
‚
and the n-th coskeleton of a cosimplicial object X‚ by
cosknX
‚ :“ ρni
˚
nX
‚.
Since in is full, we have psknX
‚qs “ Xs “ pcosknX
‚qs for 0 ď s ď n.
Lemma 2.1.4. Let X‚ be Reedy cofibrant. Then the map sknX
‚ Ñ skn`1X
‚ is a
Reedy cofibration in cM for all n ě 0. A dual statement holds for coskeleta.
Proof. See, e.g., [5, Proposition 6.5]. 
Proposition 2.1.5. The adjoint pair skn : cM Õ cM : coskn is a Quillen adjunc-
tion for the Reedy model structure.
Proof. See, e.g., [5, Lemma 6.4]. 
We review the construction of the external simplicial structure on cM. This does
not require any simplicial structure on M. Since M is complete and cocomplete,
it is tensored and cotensored over sets in the following way: for any set S and any
object X of M, we denote by ğ
S
X and
ź
S
X
the coproduct and product in M of |S| copies of X . These constructions are
functorial in both variables X and S. Thus, for objects X‚ of cM and L of S,
there is a functor ∆op ˆ∆ÑM, defined on objects by
prℓs, rmsq ÞÑ
ğ
Lℓ
Xm.
Now one can consider the coend
X‚ b∆ L :“
ż ∆ğ
Lℓ
Xm PM
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which is, by definition, the following coequalizerğ
rmsÑrℓs
ğ
Lℓ
Xm Ñ
ğ
ℓě0
ğ
Lℓ
Xℓ 99K X‚ b∆ L,
where the parallel arrows are defined in the obvious way using the maps induced
by rms Ñ rℓs. Moreover, for a fixed simplicial set K and X‚ in cM, there is a
bicosimplicial object in M,
∆ˆ∆ÑM, pm,nq ÞÑ
ź
Km
Xn,
that is functorial in K and X‚.
Definition 2.1.6. Let K be a simplicial set and let X‚ and Y ‚ be objects of cM.
Then we define tensor, cotensor and mapping space objects as follows:
pX‚ bextKqn “ X‚ b∆ pK ˆ∆
nq
homextpK,X‚qn “ diag
˜
pm,nq ÞÑ
ź
Km
Xn
¸
“
ź
Kn
Xn
mapextpX‚, Y ‚qn “ HomcMpX
‚ bext ∆n, Y ‚q
This structure is called the external simplicial structure on cM. We will usually
drop the superscripts and often abbreviate
homextpK,X‚q to pX‚qK .
Example 2.1.7. The external mapping space takes a simple form if the target is
constant. For X‚ in cM, Y in M, and any n ě 0, we have a canonical isomorphism
pX‚ bext ∆nq0 “ X‚ b∆ ∆
n – Xn
and consequently,
mapextpX‚, cY qn – HomcMpX
‚ bext ∆n, cY q – HomMpX
n, Y q.
We will also make use of the pointed variations of these objects. Let M˚ denote
the category ˚ ´M where ˚ is the terminal object of M.
Definition 2.1.8. Let K be a pointed simplicial set, X‚ an object in cM, and Y ‚
in cM˚. We define
X‚bK “ pX‚ bextKq{pX‚ bext ∆0q P cM˚
which has a canonical basepoint as cofiber. We define
hompK,Y ‚q “ fib
“
hompK,Y ‚q Ñ homp∆0, Y ‚q – Y ‚
‰
P cM˚
as the fiber taken at the basepoint of Y ‚ of the map induced by the basepoint of
K. The map K Ñ ∆0 together with the basepoint of Y ‚ induce a basepoint
˚ Ñ Y ‚ Ñ hompK,Y ‚q,
and hence hompK,Y ‚q is also pointed. We will often abbreviate
hompK,Y ‚q to KpY ‚q.
By forgetting the basepoint of KpY ‚q, one obtains an adjunction isomorphism
HomcM˚pX
‚bK,Y ‚q – HomcMpX
‚,KpY ‚qq.
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Definition 2.1.9. The collapsed boundary gives the n-sphere Sn :“ ∆n{B∆n a
canonical basepoint. Let X‚ be an object of cM. We define the s-th external
suspension by
ΣnextX
‚ “ X‚bp∆n{B∆nq.
If X‚ is pointed, we define the s-th external loop object by
ΩnextX
‚ “ homp∆n{B∆n, X‚q.
We will often omit the subscript “ext” when the reference to the external structure
is clear from the context. Note that Σ0X‚ “ X‚ \ ˚.
Definition 2.1.10. Let X‚ be an object in cM and Y ‚ an object in cM˚. We
denote the external mapping space mappX‚, Y ‚q in cM by
mapextpX‚, Y ‚q,
when we view it as a pointed simplicial set whose basepoint is given by the constant
map X‚ Ñ ˚ Ñ Y ‚. We will use this bar notation for special emphasis in the defi-
nitions, but will often neglect this distinction in the text (as well as the superscript
ext).
Remark 2.1.11. For an unpointed cosimplicial object X‚ and a pointed cosimpli-
cial object Y ‚, there is a canonical isomorphism of pointed sets
mapextpX‚, Y ‚qn – HomcM˚pX
‚b∆n`, Y
‚q
which is natural in n, X‚, and Y ‚.
Proposition 2.1.12. Let K be a simplicial set and let X‚ and Y ‚ be objects of
cM.
(1) There are natural isomorphisms of simplicial sets
mapS
`
K,mappX‚, Y ‚q
˘
– mappX‚ bK,Y ‚q – map
`
X‚, pY ‚qK
˘
.
(2) If K and Y ‚ are pointed, but not X‚, there are natural isomorphisms of
pointed simplicial sets
mapS˚
`
K,mappX‚, Y ‚q
˘
– mapcM˚pX
‚bK,Y ‚q – map
`
X‚,KpY ‚q
˘
.
Proof. Part (1) can be found in the simplicial case in [31, Theorem II.2.5] and
[31, Example II.2.8(4)] illustrates the cosimplicial version. Part (2) is an easy
consequence by direct inspection. 
When they both exist, the external and internal simplicial structures commute
in the following sense.
Proposition 2.1.13. Given simplicial sets K and L and a cosimplicial object X‚,
there are canonical natural isomorphisms
homint
`
K, homextpL,X‚q
˘
– homext
`
L, homintpK,X‚q
˘
,
where on the left the internal cotensor is applied degreewise. If L and X‚ are
pointed, there are canonical natural isomorphisms
homint
`
K, hompL,X‚q
˘
– hom
`
L, homintpK,X‚q
˘
.
Proof. This follows easily from the definitions. 
Although the external simplicial structure and the Reedy model structure are
not compatible, the next lemma states that there is some partial compatibility.
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Proposition 2.1.14. Let f : X‚ Ñ Y ‚ be a Reedy cofibration in cM and j : K Ñ
L a cofibration in S. Then the map
pX‚ bext Lq YpX‚bextKq pY
‚ bextKq Ñ Y ‚ bext L
is a Reedy cofibration which is a Reedy equivalence if f is a Reedy equivalence. The
pointed analogue referring to b also holds.
Proof. This is proved for simplicial objects in [31, VII.2.15]. 
2.2. Cosimplicial resolutions. This subsection recalls briefly the relevant notions
from Bousfield [14]. Especially relevant is [14, Section 12] where the unpointed
theory is outlined.
Let M be a left proper model category with terminal object ˚. In [14], the
factorizations in M are not assumed to be functorial, however, in this article the
definition of a model structure is assumed to include functorial factorizations.
Let M˚ denote the associated pointed model category whose weak equivalences,
cofibrations, and fibrations are defined by forgetting the basepoints. Let HopMq
and HopM˚q be the respective homotopy categories, and HopMq˚ the category
r˚s ´HopMq. In [14, Lemma 12.1], it is explained that for left proper model cat-
egories, the ordinary (derived) loop functor Ω: HopM˚q Ñ HopM˚q also yields
objects ΩnY, n ě 1, in HopMq˚ for each object Y in HopMq˚. The object Ω
nY is
defined up to isomorphism and depends only on the isomorphism class of Y . More-
over, the object ΩnY admits a group object structure in HopMq for n ě 1, which is
abelian for n ě 2, and this group structure depends only on the isomorphism class
of Y . For X in HopMq, we write
rX,Y sn “ rX,Ω
nY s “ HomHopMqpX,Ω
nY q.
Let G be a class of group objects in HopMq. Each G P G, with its unit map,
represents an object of HopMq˚ and therefore it has an n-fold loop object Ω
nG in
HopMq. For n ě 0, we have an associated homotopy functor
r´, Gsn : HopMq
op Ñ Groups, X ÞÑ rX,Gsn.
A map i : AÑ B in HopMq is G-monic if
i˚ : rB,Gsn Ñ rA,Gsn
is surjective for each G P G and n ě 0, and an object Y in HopMq is G-injective if
i˚ : rB, Y s Ñ rA, Y s
is surjective for each G-monic map i : AÑ B in HopMq. We denote the class of G-
injective objects by G-inj. The homotopy category HopMq has enough G-injectives
when every object is the domain of a G-monic map to a G-injective target.
A map in M is G-monic if its image in HopMq is G-monic, and an object in M
is G-injective if its image in HopMq is G-injective. A fibration in M is G-injective
if it has the right lifting property with respect to the G-monic cofibrations in M.
Definition 2.2.1. A class G of group objects in HopMq is called a class of injective
models if HopMq has enough G-injectives and for every object in M, a G-monic
morphism into a G-injective target can be chosen functorially, see [14, 4.2].
Note that rX‚, Gs is a simplicial group for any X‚ in cM and G P G. A map
X‚ Ñ Y ‚ in cM is called:
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(i) a G-equivalence if for each G P G and n ě 0, the induced map
rY ‚, Gsn Ñ rX
‚, Gsn
is a weak equivalence of simplicial groups.
(ii) a G-cofibration if it is a Reedy cofibration and for each G P G and n ě 0,
the induced map
rY ‚, Gsn Ñ rX
‚, Gsn
is a fibration of simplicial groups.
(iii) a G-fibration if for each s ě 0, the induced map
Xs Ñ Y s ˆMsY ‚ M
sX‚
is a G-injective fibration.
A useful observation is that an object is G-cofibrant if and only if it is Reedy
cofibrant. In fact, a Reedy cofibration that is degreewise G-monic is a G-cofibration.
Theorem 2.2.2 (Dwyer-Kan-Stover [24], Bousfield [14]). Let M be a left proper
model category. If G is a class of injective models for HopMq, then the category
cM admits a left proper simplicial model structure given by the G-equivalences, the
G-fibrations, and the G-cofibrations. The simplicial structure is the external one.
This is called the G-resolution model category and will be denoted by cMG .
If G is a set, then by [14, 4.5], there is a functorial G-monic map into a G-injective
target for each object in M, i.e., G is a class of injective models and the resolution
model category exists.
Theorem 2.2.2 may be regarded as a vast generalization of a theorem of Quillen
[48, II.4] which treats the dual statement in the case of a discrete model category
M with a set G of small projective generators.
Given X‚ P cM and G P G, we call the homotopy groups
π˚rX
‚, Gs
the E2-homotopy groups of X
‚ with respect to G P G. There are long exact se-
quences of E2-homotopy groups π˚r´, Gs associated with a G-cofibrationX
‚ Ñ Y ‚.
The relative groups of pY ‚, X‚q are defined to be the homotopy groups of the sim-
plicial group rpY ‚, X‚q, pG, ˚qs, whose n-simplices are the homotopy classes of mor-
phisms of pairs pY n, Xnq Ñ pG, ˚q in the model category of morphisms of M. Let
C‚ be the pointed cofiber of the G-cofibration X‚ ãÑ Y ‚. Since M is left proper
by assumption (otherwise, simply assume that X‚ is degreewise cofibrant), we have
an isomorphism
rpY ‚, X‚q, pG, ˚qs – rpC‚, ˚q, pG, ˚qs – rC‚, GsM˚ .
Proposition 2.2.3. Let X‚ ãÑ Y ‚ be a G-cofibration. Suppose that
rY ‚, Gsn Ñ rX
‚, Gsn
is an epimorphism for every G P G and n ě 0. Then for every G P G, there is a
long exact sequence
¨ ¨ ¨ Ñ πsrpY
‚, X‚q, pG, ˚qs Ñ πsrY
‚, Gs Ñ πsrX
‚, Gs Ñ πs´1rpY
‚, X‚q, pG, ˚qs Ñ ¨ ¨ ¨
¨ ¨ ¨ Ñ π0rpY
‚, X‚q, pG, ˚qs Ñ π0rY
‚, Gs Ñ π0rX
‚, Gs Ñ 0.
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Proof. Since X‚ Ñ Y ‚ is a G-cofibration, the induced map of simplicial groups
rY ‚, Gs Ñ rX‚, Gs
is a fibration for every G P G. Hence it suffices to identify the fiber of this simplicial
map with the simplicial group rpY ‚, X‚q, pG, ˚qs. There is a long exact sequence of
simplicial groups
¨ ¨ ¨ rX‚,ΩGs Ñ rpY ‚, X‚q, pG, ˚qs Ñ rY ‚, Gs Ñ rX‚, Gs
which, by the assumption, simplifies to the required short exact sequences of sim-
plicial groups
0Ñ rpY ‚, X‚q, pG, ˚qs Ñ rY ‚, Gs Ñ rX‚, Gs Ñ 0.

The constant functor c obviously maps weak equivalences to G-equivalences, but
p´q0 : cMG Õ M : c is not a Quillen adjunction; c does not preserve fibrations.
Lemma 2.2.4. If X Ñ Y is a G-injective fibration in M, then cX Ñ cY is a
G-fibration. In particular, if G is a fibrant G-injective object, then cG is G-fibrant.
Proposition 2.2.5. ∆‚ ˆ´ : M Õ cM : Tot is a Quillen adjunction for both the
Reedy and the G-resolution model structures.
Proof. This is shown in [14, Proposition 8.1]. 
2.3. G-cofree and quasi-G-cofree maps. Let M be a model category and G a
class of group objects in HopMq. The G-cofree maps can be viewed as analogues of
relative cell complexes. More precisely, the objects of G and their external iterated
loop objects are used to define co-attachments for the relative coskeletal projections.
Let ∆id Ă ∆surj Ă ∆ be the subcategories of identity and surjective maps re-
spectively. The restriction functor
Funp∆surj,Mq Ñ Funp∆id,Mq
has a right adjoint R which is defined objectwise by pRtX iuiě0qj “
ś
j։iX
i for
each sequence tX iuiě0 of objects in M.
Definition 2.3.1. A cosimplicial objectX‚ in cM is called codegeneracy cofree if its
restriction to ∆surj is of the form RptM
iuiě0q for some tM
iuiě0 : ∆id ÑM. A map
f : X‚ Ñ Y ‚ in cM is called codegeneracy cofree if there is a codegeneracy cofree
object F ‚ such that when we regard f as a map in Funp∆surj,Mq, it can be factored
into an isomorphism X‚ – Y ‚ ˆ F ‚ followed by the projection Y ‚ ˆ F ‚ Ñ Y ‚.
Definition 2.3.2. An object in cM is called G-cofree if it is codegeneracy cofree
on a sequence pGiqiě0 of fibrant G-injective objects. A map f : X
‚ Ñ Y ‚ is called
G-cofree if it is a codegeneracy cofree map, as defined in Definition 2.3.1, where F ‚
is a G-cofree object.
The class of G-cofree maps is stable under pullbacks and G-cofree objects are
stable under products. Note that an object X‚ is G-cofree if and only if the map
X‚ Ñ ˚ is G-cofree. The following proposition explains the analogy to relative cell
complexes.
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Proposition 2.3.3. A map f : X‚ Ñ Y ‚ in cM is G-cofree on pGsqsě0 if and
only if, for all s ě 0, there are pullback diagrams in cM
coskspfq //
γs´1pfq

homp∆s, cGsq
i˚s

cosks´1pfq // hompB∆s, cGsq,
where is : B∆
s Ñ ∆s is the canonical inclusion.
Proof. This is the dual of [31, VII.1.14]. 
Proposition 2.3.4. Every G-cofree map is a G-fibration.
Proof. For a G-cofree map X‚ Ñ Y ‚ and s ě 0, using the pullback diagram of
Proposition 2.3.3 in degree s, we see that there exists a fibrant G-injective object
Gs such that the map X
s Ñ Y s ˆMsY ‚ M
sX‚ is isomorphic to the projection
pY s ˆMsY ‚ M
sX‚q ˆGs Ñ Y
s ˆMsY ‚ M
sX‚.
These are obviously G-injective fibrations. 
Remark 2.3.5. In certain cases of M and G, there is a monad Γ: MÑM with
natural transformations e : IdÑ Γ and µ : Γ2 Ñ Γ such that (cf. [14, Section 7]):
(1) Γ preserves weak equivalences,
(2) Γ takes values in fibrant G-injective objects,
(3) the map X
e
ÝÑ ΓpXq is G-monic for each X PM.
Using this monad and the associated cosimplicial resolutions, it is sometimes pos-
sible to produce functorial factorizations of maps in cM into a G-equivalence (or
trivial G-cofibration) and a G-cofree map, using a construction similar to [44, p. 57]
or the methods of [14, Section 7].
The notion of a G-cofree map is unnecessarily strict for certain purposes when
the model category M is not discrete (i.e., when the weak equivalences are not just
the isomorphisms). This leads us to consider the weaker notion of quasi-G-cofree
maps which are G-cofree only up to Reedy equivalence. This notion also provides a
useful description of G-fibrations as retracts of quasi-G-cofree maps. We also prove
a factorization statement (Proposition 2.3.11) assuming right properness of the
underlying model category M. Another advantage of working with quasi-G-cofree
maps is that they are better suited for the construction of minimal replacements
(see Proposition 3.4.3).
Definition 2.3.6. A map f : X‚ Ñ Y ‚ in cM is called quasi-G-cofree if there is
a sequence of fibrant G-injective objects pGsqsě0 such that for all s ě 0, there are
homotopy pullback diagrams
coskspfq //
γs´1pfq

homp∆s, cGsq
i˚s

cosks´1pfq // hompB∆s, cGsq
in cM equipped with the Reedy model structure.
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Quasi-G-cofree maps are useful because one usually only needs the fact that these
squares are homotopy pullbacks rather than pullbacks. The notion seems more
appropriate than the notion of a G-cofree map when M has a more complicated
model structure than the discrete one. If the model structure is discrete, then both
notions coincide.
Lemma 2.3.7. Let M be a right proper model category and f : X‚ Ñ Y ‚ a Reedy
fibration in cM. Suppose that for each s ě 0, there is a fibrant G-injective object
Gs together with a factorization
pY s ˆMsY ‚ M
sX‚q ˆGs
projection

Xs
„
44 44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐ // // Y s ˆMsY ‚ M sX‚.
where the first map is a trivial fibration. Then f is a quasi-G-cofree map.
Proof. For a map f : X‚ Ñ Y ‚, we denote
M sf “ Y s ˆMsY ‚ M
sX‚.
We also abbreviate homextpK,´q to p´qK . By the definition of the coskeletal tower,
there are pullback squares as follows
coskspfq //
γs´1pfq

pcXsq∆
s

cosks´1pfq // pcM sfq∆
s
ˆpcMsfqB∆s pcX
sqB∆
s
(2.3.8)
If f is a Reedy fibration, then so is the map cXs Ñ cM spfq, by Lemma 2.1.3. By
the partial compatibility of the Reedy model structure with the external simplicial
enrichment in Proposition 2.1.14, it follows that the vertical map on the right is
a Reedy fibration. Since M is right proper, this pullback square is a homotopy
pullback for the Reedy model structure. Thus, after replacing pcXsq∆
s
with the
Reedy equivalent
`
cpM sf ˆGsq
˘∆s
, we retain a homotopy pullback square. Using
the assumptions, we achieve the following simplifications on the right hand side of
Diagram (2.3.8):
pcM sfq∆
s
ˆpcMsfqB∆s pcX
sqB∆
s
» pcM sfq∆
s
ˆpcMsfqB∆s
`
cpM sf ˆGsq
˘B∆s
– pcM sfq∆
s
ˆ pcGsq
B∆s
Projecting away from the term pcM sfq∆
s
, one obtains a homotopy pullback square:
pcXsq∆
s

// pcGsq∆
s

pcM sfq∆
s
ˆpcMsfqB∆s pcX
sqB∆
s // pcGsqB∆
s
Concatenation with Diagram (2.3.8) yields the desired homotopy pullback. 
Remark 2.3.9. Conversely, if f : X‚ Ñ Y ‚ is quasi-G-cofree, then there is a weak
equivalence Xs » M spfq ˆ Gs for s ě 0. This can be seen by restricting the
homotopy pullback square of Definition 2.3.6 to cosimplicial degree s.
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Corollary 2.3.10. Let M be a proper model category and G a class of injective
models. Then:
(1) A composition of a trivial Reedy fibration with a G-cofree map is quasi-G-
cofree.
(2) Every G-cofree map is quasi-G-cofree.
(3) Every quasi-G-cofree Reedy fibration is a G-fibration.
Proof. Assertion (1) follows easily from Lemma 2.3.7. Assertion (2) is a special
case of (1). For assertion (3), note that the map
pcGsq
∆s Ñ pcGsq
B∆s
is a G-fibration by Lemma 2.2.4 and the compatibility of the external simplicial
structure with the G-resolution model structure. Let f be a quasi-G-cofree Reedy
fibration. This implies that in the diagram of Definition 2.3.6, the map
γs´1pfq : coskspfq Ñ cosks´1pfq
factors into a Reedy equivalence c : coskspfq Ñ P
‚ followed by a G-fibration
q : P ‚ Ñ cosks´1pfq where P
‚ denotes the pullback. We factor c further into a
trivial Reedy cofibration c1 followed by a trivial Reedy fibration c2. Since f is
assumed to be a Reedy fibration, one easily finds that the Reedy fibration γs´1pfq
is a retract of q ˝ c2 using the dotted lift in the following diagram:
coskspfq
c1

coskspfq
γs´1pfq

Z‚
q˝c2 //
88
cosks´1pfq
Since q ˝ c2 is a G-fibration, so is γs´1pfq and then also f , too, by induction. 
We can now give the second construction for the factorization of maps.
Proposition 2.3.11. Let M be a proper model category and G a class of injective
models. Every map in cM can be factored functorially into a trivial G-cofibration
followed by a quasi-G-cofree Reedy fibration.
Proof. Let f : X‚ Ñ Y ‚ be a map. We construct a cosimplicial object Z‚ and a
factorization
X‚
j
ÝÑ Z‚
q
ÝÑ Y ‚
by induction on the cosimplicial degree. Let γ : X0 Ñ G0 be a functorial G-monic
map into a fibrant G-injective object. Factorize the map pf0, γq in M
X0֌ Z0
„
։ Y 0 ˆG0
into a cofibration followed by a trivial fibration. Since X0 Ñ G0 is G-monic, it
follows that X0 Ñ Y 0 ˆG0 and, as a consequence, X
0 Ñ Z0 are also G-monic.
Suppose we have constructed Z‚ up to cosimplicial degree ă s. For the inductive
step, we need to find a suitable factorization
LsZ‚ YLsX‚ X
s Ñ Zs Ñ Y s ˆMsY ‚ M
sZ‚.
Let LsZ‚ YLsX‚ X
s Ñ Gs be a functorial G-monic map into a fibrant G-injective
object. Choose a factorization in M as before,
LsZ‚ YLsX‚ X
s
֌ Zs
„
։ pY s ˆMsY ‚ M
sZ‚q ˆGs
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into a G-monic cofibration followed by a trivial fibration. This completes the in-
ductive definition of Z‚ and the construction of the factorization. By construction,
the resulting map j : X‚ Ñ Z‚ has the property that for all s ě 0, the map
LsZ‚ YLsX‚ X
s Ñ Zs
is a G-monic cofibration in M. This implies that j is a trivial G-cofibration [14,
Proposition 3.13]. The map q : Z‚ Ñ Y ‚ is a Reedy fibration and satisfies the
assumptions of Lemma 2.3.7. So it is also quasi-G-cofree, as required. 
Corollary 2.3.12. Let M and G be as in Proposition 2.3.11. Then every G-
fibration is a retract of a quasi-G-cofree Reedy fibration. If the model structure on
M is discrete then every G-fibration is a retract of a G-cofree map.
Proof. This follows easily from Proposition 2.3.11. 
3. Natural homotopy groups
In the theory of resolution model structures, there are two notions of homotopy
groups: the E2-homotopy groups, as already defined, and the natural homotopy
groups. A central tool for relating these two types of homotopy groups is the spiral
exact sequence. These homotopy groups and the spiral exact sequence carry further
algebraic structure that we formalize in the notions of H-algebra and π0-module.
These ideas were introduced in [24, 25] in the “dual” setting of simplicial spaces.
In Subsection 3.1, we define the natural homotopy groups and discuss some of
their basic properties. The H-algebra structure and π0-module structure on the
E2- and the natural homotopy groups are described in Subsection 3.2. We state
the theorem about the spiral exact sequence in Subsection 3.3. Its construction and
the proof of the π0-module structure are deferred to Appendix A.
The last Subsection 3.4 introduces cosimplicial connectivity associated to G and
some useful properties of cosimplicially n-connected maps.
3.1. Basic properties of the natural homotopy groups. Here we will define
the natural homotopy groups and the E2-homotopy groups associated with a class
of injective models G. The comparison between these types of homotopy groups is
given by the spiral exact sequence in Theorem 3.3.1. To obtain all the necessary
properties we introduce the following conditions.
Assumption 3.1.1. Let M be a left proper model category (with functorial fac-
torizations) and G a class of injective models in the sense of Definition 2.2.1. Fur-
thermore, we assume:
(1) Each object G P G is an abelian group object in HopMq.
(2) The unit map of this group structure in HopMq is given by a map ˚ Ñ G
in M. We regard the objects in G as objects of M˚.
(3) Each object G P G is fibrant in M (equivalently, in M˚).
(4) The class G is closed under the loop functor Ω defined on M˚.
Remark 3.1.2. Some remarks on these assumptions are in order.
(1) The assumption that all G P G are fibrant simplifies the notation. We do
not want to invoke derived mapping spaces.
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(2) The G-resolution model structure is determined by the G-injective objects
(see [14, 4.1]). If G is in G, then ΩG is G-injective. Hence, the assumption
that G is closed under internal loops is not necessary. It is convenient
though because this way we avoid passing to G-injective objects.
(3) The assumption that each homotopy group object G P G is strictly pointed
and homotopy abelian is technically convenient in the construction of the
spiral exact sequence and its π0-module structure in Appendix A. It is likely
that this assumption can be relaxed.
Under our assumptions, for any cosimplicial object X‚ in cM and G in G, the
simplicial group rX‚, Gs is abelian. For every s ě 0, we have the functor of E2-
homotopy groups
(3.1.3) pX‚, Gq ÞÑ πsrX
‚, Gs.
These groups detect G-equivalences by definition. The name is justified by the fact
that they define the E2-term of the spiral spectral sequence in A.3.
Following [24], we introduce another set of invariants. For every s ě 0, we have
a functor
(3.1.4) pX‚, Gq ÞÑ rX‚,ΩsextcGscMG “: π
6
spX
‚, Gq
which we call the s-th natural homotopy group of X‚. The functoriality properties
in G of these two types of homotopy groups will be studied in detail in the following
Subsection 3.2.
Thanks to Assumption 3.1.1, we can supply the simplicial set HomMpX
‚, Gq
with a canonical basepoint X0 Ñ ˚ Ñ G. With the notation defined in 2.1.10,
there is a natural isomorphism of pointed simplicial sets
(3.1.5) HomMpX
‚, Gq – mapextpX‚, cGq,
as explained in Example 2.1.7. If X‚ is Reedy cofibrant, and since G is fibrant,
this simplicial set is fibrant and there is another natural isomorphism using Propo-
sition 2.1.12:
π6spX
‚, Gq “ rX‚,ΩsextcGscMG – πsmap
extpX‚, cGq
One reason for introducing the natural homotopy groups is the fact that cosim-
plicial objects have natural Postnikov decompositions with respect to them. This
decomposition is central to the approach we take and will be developed in later
sections. Given a Reedy cofibrant object X‚ P cM and G P G, there is a natural
isomorphism
mappsknX
‚, cGq – cosknmappX
‚, cGq,
which is obtained using the isomorphism in (3.1.5). This shows that
π6spsknX
‚, Gq –
"
π6spX
‚, Gq s ă n
0 otherwise.
Here, we use that for a Kan complexK, coskn`1K is a model for the n-th Postnikov
section. Thus, the skeletal filtration
sk1X
‚ Ñ ¨ ¨ ¨ Ñ sknX
‚ Ñ ¨ ¨ ¨ Ñ X‚
defines a Postnikov decomposition of X‚ with respect to its natural homotopy
groups.
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Lemma 3.1.6. The functor skn preserves trivial G-cofibrations and dually, coskn
preserves G-fibrations.
Proof. This proof is based on the characterization of (trivial) G-cofibrations in [14,
Proposition 3.13]. Let f : X‚ Ñ Y ‚ be a trivial G-cofibration. Then the cofibration
sknpX
‚qm YLmpsknpX‚qq L
mpsknpY
‚qq ÝÑ sknpY
‚qm
is G-monic if m ď n - since f is a trivial G-cofibration - and if m ą n, it is an
isomorphism because
LmpsknpX
‚qq
–
ÝÑ sknpX
‚qm
LmpsknpY
‚qq
–
ÝÑ sknpY
‚qm
(see [5, Lemmas 6.2 and 6.3]). It follows that sknpfq is a trivial G-cofibration. 
Remark 3.1.7. We note that that sknX
‚ Ñ X‚ is usually not a G-cofibration.
This can be seen by comparing the cofiber with the G-homotopy cofiber of the
map in : sknX
‚ Ñ X‚. Since, for Reedy cofibrant X‚, sknX
‚ is a model for
the cosimplicial pn´ 1q-Postnikov section, the G-homotopy cofiber of in has trivial
natural homotopy groups in degrees ă n, but not necessarily in degree n itself.
However, the cofiber C‚ of in has C
k “ ˚ for all 0 ď k ď n.
There are long exact sequences of natural homotopy groups associated with a
G-cofibration, too. Given a G-cofibration i : X‚ ãÑ Y ‚, we define relative natural
homotopy groups as follows:
π6sppY
‚, X‚q, Gq “ πsHomMppY
‚, X‚q, pG, ˚qq – πsHomMppC
‚, ˚q, pG, ˚qq
– πsmapM˚pC
‚, cGq
where C‚ denotes the canonically pointed cofiber of i. We emphasize here that the
n-simplices of HomM
`
pY ‚, X‚q, pG, ˚q
˘
are the morphisms Y n Ñ G which send Xn
to the basepoint of G. Clearly, πsmapM˚pC
‚, cGq is a natural homotopy group of
C‚ as a cosimplicial object in the pointed category cM˚.
Proposition 3.1.8. Let X‚ ãÑ Y ‚ be a G-cofibration. Then for every G P G, there
is a long exact sequence of natural homotopy groups
¨ ¨ ¨ Ñ π6sppY
‚, X‚q, Gq Ñ π6spY
‚, Gq Ñ π6spX
‚, Gq Ñ π6s´1ppY
‚, X‚q, Gq Ñ ¨ ¨ ¨
¨ ¨ ¨ Ñ π60ppY
‚, X‚q, Gq Ñ π60pY
‚, Gq Ñ π60pX
‚, Gq.
Proof. The induced map mappY ‚, cGq Ñ mappX‚, cGq is a Kan fibration with
fiber HomppY ‚, X‚q, pG, ˚qq at the basepoint. So there is a long exact sequence of
homotopy groups as required. 
3.2. Algebraic structures on homotopy groups. The algebraic structure of the
spiral exact sequence is formulated using the notions ofHun-algebra,H-algebra, and
of π0-module. In Examples 3.2.7 and 3.2.11 we explain how the natural homotopy
groups are equipped with these structures. Example 3.2.9 exhibits these structures
on the E2-homotopy groups.
Definition 3.2.1. Let Hun be the full subcategory of HopMq given by finite prod-
ucts of objects in G. An Hun-algebra is a product-preserving functor from Hun to
the category of sets. The morphisms between Hun-algebras are given by natural
transformations. We denote the category of Hun-algebras by Hun-Alg.
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We will also need to consider the pointed version of the notion of anHun-algebra.
Definition 3.2.2. Let H be the full subcategory of HopM˚q given by finite prod-
ucts of objects in G using Assumption 3.1.1(2). AnH-algebra is a product-preserving
functor from H to the category of sets. The morphisms between H-algebras are
given by natural transformations. We denote the category of H-algebras by H-Alg.
Note that every Hun-algebra becomes an H-algebra via precomposition with the
forgetful functor H Ñ Hun. Given an Hun-algebra A : Hun Ñ Set, we denote the
associated H-algebra by ΞpAq : HÑ Set.
Remark 3.2.3. The terminal object ˚ is in H, since it is the empty product,
therefore H is pointed. Every H-algebra preserves the terminal object and lifts
uniquely to a product-preserving functor with values in pointed sets. Clearly, the
forgetful functor from product-preserving functors with values in pointed sets to H-
algebras is an equivalence of categories. Moreover, since each G P G is an abelian
group object, so are the values of each H-algebra as well, and the morphisms of
H-algebras preserve this structure.
Example 3.2.4. Our motivating examples are the following:
(1) Every object X of M yields an Hun-algebra
FX : Hun Ñ Set , FXp´q “ rX,´sM.
If M “ S is the category of spaces and G “ tKn “ KpF, nq |n ě 0u, this
turns out to be equivalent to H˚pXq as an unstable algebra. This claim is
proved in Appendix B.
(2) For any s ě 0 and X‚ in cM, there are simplicial H-algebras
G ÞÑ ΩsrX‚, Gs.
Applying π0 yields an H-algebra structure on the E2-homotopy groups
πsrX
‚, Gs.
Note that this defines an Hun-algebra for s “ 0.
(3) For any s ě 0, the natural homotopy groups
G ÞÑ π6spX
‚, Gq “ rX‚,ΩscGscMG
define H-algebras. Moreover, this defines an Hun-algebra for s “ 0.
The notion of a module over an Hun-algebra can be defined using the general
abstract notion of a Beck module. We first recall the abstract definition and then
discuss its specialization to Hun-Alg.
Definition 3.2.5. Let C be a category with pullbacks and let A P C be an object.
An abelian object in the slice category C{A is called an A-module. More explicitly,
an A-module is an object in the slice category
p : E
ð
ÝÑ A,
which is equipped with a section s : AÑ E and structure maps in C{A
m : E ˆA E Ñ E, i : E Ñ E
that make p into an abelian group object in C{A. The term Beck module is also
used in the literature. A morphism of A-modules is a morphism of abelian objects
in C{A.
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Definition/Example 3.2.6. Let A be an Hun-algebra. Suppose that p : E Ñ A
corresponds to an abelian group object in pHun-Algq{A (or A-module). If we restrict
to the correspondingH-algebras, then ΞpAq is pointed and we have split short exact
sequences of abelian groups
0Ñ KpGq Ñ ΞpEqpGq
ð
Ñ ΞpAqpGq Ñ 0
where the H-algebra K is the kernel of Ξppq at the basepoint of ΞpAq. Thus, we
obtain for each G P G an isomorphism as follows
EpGq – ApGq ˆKpGq.
These isomorphisms together with the Hun-algebra structure of E prescribe an
action of A on K, that is, for each g : G1 Ñ G2 in Hun, we obtain an action map
ApG1q ˆKpG1q – EpG1q
Epgq
ÝÝÝÑ EpG2q – ApG2q ˆKpG2q Ñ KpG2q
and these maps satisfy certain compatibility conditions (cf. [8, Section 4]). More-
over, this action of A on K determines p as an abelian group object. We will often
identify the datum of an A-module p : E Ñ A with the associated action of A on
the kernel of p.
Fix an object X‚ in cM. Our interest lies in the following modules over the
respective Hun-algebras.
Example 3.2.7. For every G P G and p ą 0, we have a G-fibration sequence
ΩpcG
γextÝÝÑ pcGq∆
p{B∆p ǫ˚ÝÑ cG,
with section sext : cG Ñ pcGq
∆p{B∆p . In fact, since cG is an abelian group ob-
ject in the G-resolution homotopy category, this fibration is equivalent to a trivial
projection via the following diagram:
ΩpcGˆ cG
»
γext`sext //
pr

pcGq∆
p{B∆p
ǫ˚

cG
p0,idq
ZZ
cG
sext
XX
where both squares with maps to and from cG commute. The induced map
rX‚, pcGq∆
p{B∆pscMG
p
ÝÑ π60pX
‚, Gq “ : π0
defines an Hun-algebra over the Hun-algebra π0 and is equipped with an abelian
group structure that comes from the cogroup structure of ∆p{B∆p in the homotopy
category of pointed spaces. If we restrict to the underlying H-algebras, we obtain
a split short exact sequence of H-algebras:
0Ñ π6ppX
‚, Gq Ñ rX‚, pcGq∆
p{B∆pscMG
ð
ÝÑ π60pX
‚, Gq Ñ 0.
The Hun-algebra structure on G ÞÑ rX
‚, pcGq∆
p{B∆pscMG and the isomorphisms
rX‚, pcGq∆
p{B∆pscMG – π
6
ppX
‚, Gq ˆ π60pX
‚, Gq
prescribe an action of π0 on the natural homotopy groups tG ÞÑ π
6
ppX
‚, Gqu, as
indicated in Example 3.2.6.
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Definition 3.2.8. Given a fibrant simplicial set K, we define
Ωp`K “ mapSp∆
p{B∆p,Kq.
The functor Ω` “ Ω
1
` is the free loop space functor often denoted by L or Λ. Note
the isomorphism of pointed simplicial sets
mapextpX‚, pcGq∆
p{B∆pq – Ωp`mappX
‚, cGq.
Example 3.2.9. The split cofiber sequence of pointed simplicial sets
S0
ð
ÝÑ p∆p{B∆pq` Ñ ∆
p{B∆p,
where the splitting collapses ∆p{B∆p to the non-basepoint in S0, induces the split
fibration sequence of simplicial abelian groups:
(3.2.10) ΩprX‚, Gs Ñ Ωp`rX
‚, Gs
ð
ÝÑ rX‚, Gs.
Note that this is natural in G P H. Then, after passing to the path components,
we obtain a split short exact sequence of H-algebras:
0Ñ πprX
‚, Gs Ñ π0pΩ
p
`rX
‚, Gsq
ð
ÝÑ π0rX
‚, Gs Ñ 0.
This defines an abelian object over π0 and consequently, πprX
‚, Gs is endowed with
an action by the Hun-algebra π0rX
‚, Gs. In this way, the E2-homotopy groups of
X‚ become π0-modules.
Example 3.2.11. The H-algebra π6ppX
‚,ΩGq is not just a module over the H-
algebra π60pX
‚,ΩGq, but also a module over the Hun-algebra π0 “ π
6
0pX
‚, Gq. The
reason is that π60pX
‚,ΩGq is already a π0-module via the split G-fibration sequence
(see Definition A.2.3)
ΩGÑ LG
ð
ÝÑ G.
To exhibit this structure more precisely, we first need some preparation. We deal
with this in detail because it can be confusing and it will be needed in Appendix
A (see Corollary A.2.9).
The representing object ΩpcpΩGq of π6ppX
‚,ΩGq is the total fiber of the following
commutative square of G-fibrations:
cpLGqS
p //

cpLGq

pcGqS
p // cG
(3.2.12)
In other words, there is a fiber sequence
ΩpcpΩGq Ñ cpLGqS
p
Ñ cpLGq ˆcG pcGq
Sp .
In Diagram (3.2.12) the squares that are defined by the respective sections over cG,
either to cpLGqS
p
or the pullback, commute. Hence there is a pullback square
P //
p

cpLGqS
p

cG // cpLGq ˆcG pcGqS
p
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where p is a G-fibration with fiber ΩpcpΩGq and a section which is derived from
pulling back the section cG Ñ cpLGqS
p
. Then the required split short exact se-
quence is as follows,
0Ñ π6ppX
‚,ΩGq Ñ rX‚, P scMG
ð
ÝÑ π60pX
‚, Gq Ñ 0.
In the case p “ 0, this is explicitly given by
0Ñ π60pX
‚,ΩGq Ñ rX‚, cpLGqscMG
ð
ÝÑ π60pX
‚, Gq Ñ 0.
3.3. The spiral exact sequence. The main result of Section 3 is the following
long exact sequence which contains the comparison between the natural homotopy
groups and the E2-homotopy groups.
Theorem 3.3.1 (The spiral exact sequence, A.1.14 and A.1.17). There is an iso-
morphism of Hun-algebras
π
6
0pX
‚, Gq – π0rX
‚, Gs “: π0
and a long exact sequence of H-algebras and π0-modules
...Ñ π6s´1pX
‚,ΩGq Ñ π6spX
‚, Gq Ñ πsrX
‚, Gs Ñ π6s´2pX
‚,ΩGq Ñ ...
...Ñ π2rX
‚, Gs Ñ π60pX
‚,ΩGq Ñ π61pX
‚, Gq Ñ π1rX
‚, Gs Ñ 0,
where Ω is the internal loop functor.
The construction of this spiral exact sequence will be deferred to Appendix A
and Theorem A.1.17. The π0-module structure is proved in Theorem A.2.27.
In the case where M is the category of spaces and G the set of finite products of
F-Eilenberg-MacLane spaces, an Hun-algebra is the same as an unstable algebra by
Theorem B.3.3. Moreover, by Corollary B.3.5, the module structure over π0 on the
terms πsrX
‚, Gs corresponds to the usual action of the unstable algebra π0H
˚pX‚q
on (the unstable module) πsH
˚pX‚q.
Corollary 3.3.2. A map X‚ Ñ Y ‚ is a G-equivalence if and only if it induces
isomorphisms π6spY
‚, Gq Ñ π6spX
‚, Gq for all s ě 0 and G P G.
Proof. This follows immediately from the spiral exact sequence by induction on the
degree of connectivity over the whole class G and using the Five Lemma. 
3.4. Cosimplicial connectivity. The following definition generalizes the notion
of connectivity of maps to general resolution model categories. The main result
of this subsection establishes yet another factorization property which takes into
account the cosimplicial connectivity of a map and gives a more controlled way of
replacing it by a cofree map.
Let M be a left proper model category and G a class of injective models. In
this subsection, we also require that Assumption 3.1.1 is satisfied. We have the
following notion of connectivity for maps in the resolution model category cMG .
Definition 3.4.1. Let n ě 0.
(a) A morphism f : X‚ Ñ Y ‚ is called cosimplicially n-connected if the induced
map
π6spY
‚, Gq Ñ π6spX
‚, Gq
is an isomorphism for 0 ď s ă n and an epimorphism for s “ n for all
G P G.
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(b) A pointed object pC‚, ˚q of cMG is cosimplicially n-connected if the map
˚ Ñ C‚ is cosimplicially n-connected.
(c) An arbitrary object X‚ of cMG is called cosimplicially n-connected if the
canonical map X‚ Ñ ˚ is cosimplicially n-connected.
A pointed object pC‚, ˚q of cMG is cosimplicially n-connected if and only if C‚ is
cosimplicially pn´1q-connected. Every pointed object is cosimplicially 0-connected.
Cosimplicial connectivity has to be clearly distinguished and is completely dif-
ferent from connectivity notions internal to the category M. However, when it
is clear from the context that a connectivity statement refers to the cosimplicial
direction, rather than an internal direction, we will omit the word “cosimplicially”.
Obviously, the notion also depends on the class G which will also be suppressed
from the notation. We emphasize that cosimplicial connectivity is invariant under
G-equivalences.
Cosimplicial connectivity can be formulated in several equivalent ways. We state
some of them in the following lemma. The restriction to G-cofibrations is, of course,
simply for technical convenience.
Lemma 3.4.2. Let f : X‚ Ñ Y ‚ be a G-cofibration in cMG and pC‚, ˚q its pointed
cofiber. Then the following assertions are equivalent:
(i) The map f is n-connected.
(ii) The map f is 0-connected and pC‚, ˚q is n-connected.
(iii) The map f is 0-connected and the induced map
πsrC
‚, GsM Ñ πsr˚, GsM
is an isomorphism for 0 ď s ă n and an epimorphism for s “ n for all
G P G.
(iv) The induced map
πsrY
‚, GsM Ñ πsrX
‚, GsM
is an isomorphism for 0 ď s ă n and an epimorphism for s “ n for all
G P G.
Proof. Consider the cofiber sequence
X‚
f
Ñ Y ‚ Ñ C‚
This gives rise to a homotopy fiber sequence (cf. Proposition 3.1.8)
HomMppC
‚, ˚q, pG, ˚qq Ñ mappY ‚, cGq Ñ mappX‚, cGq
By Proposition 3.1.8, (i) is equivalent to
(ii)’ The map f is 0-connected and πsHomMppC
‚, ˚q, pG, ˚qq “ 0 for all 0 ď s ă
n and G P G.
which is clearly equivalent to (ii), by another application of Proposition 3.1.8 to
the map ˚ Ñ C‚. Thus (i) and (ii) are equivalent. The equivalence between (ii)
and (iii) follows inductively from comparing the spiral exact sequences of C‚ and ˚
and applying the Five lemma. There is a homotopy fiber sequence (cf. Proposition
2.2.3)
rpC‚, ˚q, pG, ˚qs Ñ rY ‚, Gs Ñ rX‚, Gs.
By Proposition 2.2.3, (iv) is equivalent to
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(iii)’ The map f is 0-connected and πsrpC
‚, ˚q, pG, ˚qs “ 0 for all 0 ď s ă n and
G P G,
which is clearly equivalent to (iii), by another application of Proposition 2.2.3 to
the map ˚ Ñ C‚. 
Proposition 3.4.3. Let M be a proper model category and G a class of injective
models satisfying Assumption 3.1.1. Then each cosimplicially n-connected map
between Reedy cofibrant objects can be written functorially as a composition qj,
where j is a G-equivalence and q is a quasi-G-cofree map on objects pGsqsě0 such
that Gs “ ˚ for s ď n.
The proof is a modification of the proof of Proposition 2.3.11.
Proof. Let f : X‚ Ñ Y ‚ be an n-connected map between Reedy cofibrant objects.
We will produce a factorization of f
X‚
j
Ñ Z‚
q
Ñ Y ‚
such that
(1) j is a G-equivalence, and
(2) q is quasi-G-cofree on pGsqsě0 such that Gs “ ˚ for s ď n.
For 0 ď s ď n, we set Zs “ Y s and js :“ f s. Suppose we have constructed Z‚ up
to cosimplicial degree s´1 ě n. Then we choose functorially a G-monic cofibration
αs : X
s YLsX‚ L
sZ‚ Ñ Gs
into a fibrant G-injective object, and factor functorially the canonical map
βs : X
s YLsX‚ L
sZ‚ Ñ pY s ˆMsY ‚ M
sZ‚q ˆGs
into a cofibration
lspjq : Xs YLsX‚ L
sZ‚ Ñ Zs
followed by a trivial fibration
γs : Z
s Ñ pY s ˆMsY ‚ M
sZ‚q ˆGs.
Since αs is G-monic, so are βs and l
spjq. Let
mspqq : Zs Ñ Y s ˆMsY ‚ M
sZ‚
be the composition pr1 ˝ γs, where pr1 is the projection onto the first factor. The
maps lspjq and mspqq extend the factorization to the cosimplicial degree s and this
process yields inductively a factorization of f .
The resulting map q : Z‚ Ñ Y ‚ is quasi-G-cofree by Lemma 2.3.7. Here we use
the right properness of M. By construction, it is quasi-G-cofree on a sequence
tGsusě0 with Gs “ ˚ for 0 ď s ď n.
It remains to show that j is a G-equivalence. By the connectivity assumption
and Lemma 3.4.2, there are isomorphisms
π6spY
‚, Gq “ π6spZ
‚, Gq – π6spX
‚, Gq,
for 0 ď s ă n, and an epimorphism for s “ n, because these groups only depend on
Zm “ Y m for 0 ď m ď n. For every s ą n, the map lspjq is a G-monic cofibration.
Thus, for all fibrant G P G, the induced map
HompZs, Gq Ñ HompXs YLsX‚ L
sZ‚, Gq
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is surjective. This means that every diagram of the form
B∆s //

HompZ‚, Gq “ mappZ‚, cGq

∆s //
55
HompX‚, Gq “ mappX‚, cGq
admits a lift. Since both X‚ and Y ‚ are Reedy cofibrant, Z‚ is also Reedy cofibrant
and the mapping spaces on the right in the diagram above are Kan complexes.
Therefore, the map
π6spjq : π
6
spZ
‚, Gq Ñ π6spX
‚, Gq
is injective for all s ě n. For s ą n, it is also surjective, because of the diagram
B∆s //

˚

// mappZ‚, cGq

∆s //
h1
22
∆s{B∆s //
h2
77♣♣♣♣♣♣♣♣♣♣♣
mappX‚, cGq
and the lift h1 yields a lift h2. This proves the claim that π
6
spjq is an isomorphism
for all s ě 0. 
4. Cosimplicial unstable coalgebras
In this section, we study the homotopy theory of cosimplicial unstable coal-
gebras. First we recall some basic definitions and facts about unstable modules
and coalgebras over the Steenrod algebra. For more details, see Schwartz [54] and
Lannes [38]. We also discuss the resolution model structure on cCA by applying
the methods of Section 2.
Then we digress and discuss the proof of a related model structure on cosimplicial
comodules over a general cosimplicial coalgebra. This model category provides the
context in which we can construct Ku¨nneth spectral sequences for the derived
cotensor product of comodules. They are dual to the ones constructed by Quillen
in [48, II.6, Theorem 6].
These spectral sequences will be used to prove a homotopy excision theorem
for cosimplicial unstable coalgebras (Theorem 4.6.5). It is the main result needed
for Proposition 5.4.1, which is the analogue of the “difference construction” in the
sense of Blanc-Dwyer-Goerss [8].
4.1. Preliminaries. Let p be a prime or 0. Let F “ Fp denote the prime field
of characteristic p with the convention that F0 “ Q. Let Vec denote the category
of Z-graded F-vector spaces which are trivial in negative degrees. The degree of a
homogeneous element x of a graded vector space V will be indicated by |x|. For
q ě 0, we write
V ÞÑ V rqs
for the functor which increases the grading by q, i.e. pV rqsqr “ Vr´q.
The graded tensor product of graded vector spaces V and W , defined by
pV bW qq “
à
k`l“q
Vk bWl,
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is a symmetric monoidal pairing on Vec. Its symmetry isomorphism involves the
Koszul sign rule
v b w ÞÑ p´1q|v|¨|w|w b v.
Moreover, this pairing is closed in the sense that there exist internal Hom-objects
defined as follows
HomVecpV,W qq “ HomVecpV rqs,W q.
Let A “ Ap be the Steenrod algebra at the prime p, with the convention that
A0 “ Q, concentrated in degree 0. Since we are going to work with homology
instead of cohomology, we use homological grading on A and let Ai, which consists
of cohomology operations raising the cohomological degree by i, sit in degree ´i.
We recall the definition of an unstable A-module.
Definition 4.1.1. An unstable right A-module consists of
(a) a graded F-vector space M P Vec,
(b) a homomorphism
M bAÑM
which in addition to the usual module properties, also satisfies the following
instability conditions:
(i) xSqn “ 0 for p “ 2 and |x| ă 2n
(ii) xPn “ 0 for p odd and |x| ă 2pn
(iii) xβPn “ 0 for p odd and |x| “ 2pn` 1.
We write U for the category of unstable right A-modules. It is easy to see that U
is an abelian category. In the rational case, U is just the category Vec of graded
rational vector spaces.
ForM,N P U , the tensor product M bN of the underlying graded vector spaces
can be given anA-module structure via the Cartan formula. Moreover, the resulting
A-module is an object of U , i.e., it satisfies the instability conditions.
Remark 4.1.2. The categories Vec and U are connected via an adjunction where
the left adjoint is the forgetful functor. The right adjoint sends a graded vector
space V to the maximal unstable submodule of the A-module HomVecpA, V q, with
A-action given by pf ¨ aqpa1q “ fpa ¨ a1q. The objects in the image of this right
adjoint are injective. Thus, the abelian category U has enough injectives.
Let CoalgF denote the category of cocommutative, coassociative, counital coal-
gebras over F. There is a functor
F : SetsÑ CoalgF,
which sends a set S to the free F-module FpSq generated by S, with comultiplication
determined by ∆psq “ sbs and counit by ǫpsq “ 1, for s P S. The functor F admits
a right adjoint π0 which sends a coalgebra pC,∆C , ǫq to the set of set-like elements,
i.e. the elements c P C which satisfy ∆Cpcq “ cb c. An object C P CoalgF is called
set-like if it is isomorphic to FpSq for some set S. The names discrete [13] and
group-like [60] are also used in the literature for this concept. Note that there is a
canonical isomorphism π0FpSq – S, whence it follows that the category of set-like
coalgebras is equivalent to the category of sets.
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Let CoalgVec denote the category of cocommutative, coassociative, counital coal-
gebras in Vec with the respect to the graded tensor product. We recall the definition
of an unstable coalgebra.
Definition 4.1.3. An unstable coalgebra over the mod p Steenrod algebra A con-
sists of an unstable right A-module C whose underlying graded vector space is
also a cocommutative coalgebra pC,∆C , ǫq in CoalgVec such that the two structures
satisfy the following compatibility conditions:
(a) The comultiplication ∆C : C Ñ C b C is a morphism in U ,
(b) The p-th root or Verschiebung map ξ : Cpn Ñ Cn (dual to the Frobenius)
satisfies
ξpxq “ xSqn for p “ 2 and |x| “ 2n
ξpxq “ xPn{2 for p ą 2, n even and |x| “ pn.
Remark 4.1.4. The 0-th degree of an unstable coalgebra is set-like as an F-
coalgebra. This follows from the fact that the p-th root map is the identity in
degree 0 by 4.1.3(b) for n “ 0. A proof in the dual context of p-Boolean algebras
can be found in [37, Appendix]. Indeed, by duality, this implies the result for fi-
nite dimensional F-coalgebras, which then extends to all F-coalgebras since each
F-coalgebra is the filtered colimit of its finite dimensional subcoalgebras.
For F “ Q, condition (b) above does not make sense. We have the following
definition in this case.
Definition 4.1.5. An unstable coalgebra over Q is a cocommutative and counital
graded Q-coalgebra C˚ “ tCnuně0 P CoalgVec such that C0 P CoalgQ is set-like.
Let CA be the category of unstable coalgebras over the Steenrod algebra A. The
category CA is complete and cocomplete and has a generating set given by the
finite (= finite dimensional in finitely many degrees) coalgebras. As these objects
are also finitely presentable, the category CA is finitely presentable.
The categorical product of a pair of coalgebras is given by the tensor product.
It is easy to verify that in CA, too, a finite product is given by the corresponding
tensor product of unstable modules endowed with the canonical coalgebra structure.
Note that the terminal object is given by the unit F of the monoidal pairing, i.e.
the unstable module which is concentrated in degree 0 where it is the field F with
the canonical coalgebra structure.
A basepoint of an unstable coalgebra C is given by a section σ : F Ñ C of the
counit map ǫ : C Ñ F. Evidently, a basepoint is specified by a set-like element of C
in degree 0. Let CA˚ “ F{CA denote the category of pointed unstable coalgebras.
More generally, for a given unstable coalgebra C, we denote as usual the associated
under-category by C{CA. There is an adjunction
(4.1.6) CA Õ C{CA
where the left adjoint is defined by taking the coproduct with C, i.e. D ÞÑ D ‘ C
for D P CA, and the right adjoint is the forgetful functor.
The categories U and CA are connected by an adjunction
(4.1.7) CA Õ U
where the right adjoint defines the cofree unstable coalgebra of an unstable A-module
and the left adjoint is the forgetful functor. The adjunction in Remark 4.1.2 can
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be composed with (4.1.7) and yields an adjunction
(4.1.8) J : CA Õ Vec: G
where J is the forgetful functor and the right adjoint G defines the cofree unstable
coalgebra associated with a graded vector space. In general, an unstable coalgebra
is called injective if it is a retract of an object of the form GpV q. More generally,
for C P CA there is an induced adjunction between the under-categories
(4.1.9) J : C{CA Õ JpCq{Vec : G.
Next we recall a description of the functor G in terms of Eilenberg-MacLane
spaces (Theorem 4.2.2). This provides the fundamental link for the comparison
between CA and the homotopy category of spaces.
4.2. Homology and F-GEMs. LetKpF,mq denote the Eilenberg-MacLane space
representing the singular cohomology functor X ÞÑ HmpX,Fq. We denote the
singular homology functor with coefficients in F by
H˚ : S Ñ Vec , X ÞÑ
à
mě0
HmpX ;Fq “ H˚pXq.
The graded homologyH˚pXq of a simplicial setX is naturally an unstable coalgebra
where the comultiplication is induced by the diagonal map X Ñ X ˆX combined
with the Ku¨nneth isomorphism. Thus we view singular homology as a functor
H˚ : S Ñ CA.
We note that there are also pointed versions of the above where we consider the
unreduced homology of a pointed space as a pointed unstable coalgebra.
The classical Ku¨nneth theorem can be stated in the following way.
Theorem 4.2.1. The homology functor H˚ : S Ñ CA preserves finite products.
An arbitrary product of spaces of type KpF,mq, for possibly different m but
fixed F, is called a generalized Eilenberg-MacLane space or F-GEM for brevity.
Given a graded vector space V , we denote the associated F-GEM by
KpV q :“
ź
ně0
KpVn, nq.
In this case the homology functor preserves even infinite products. The following
fact is stated for Fp in [13].
Theorem 4.2.2. The unstable coalgebra H˚pKpV qq is the cofree unstable coalgebra
associated with V , i.e.
GpV q – H˚pKpV qq.
Proof. The homology of KpV0, 0q is cofree because every unstable coalgebra is set-
like in degree 0 and we have an isomorphism π0FpSq – S. Hence, by Theorem 4.2.1
it is enough to consider a connected F-GEM.
By the classical computations of Cartan [16] and Serre [56] the unstable coalgebra
H˚pKpF, nqq is the cofree unstable coalgebra associated to the graded vector space
which is F in degree n and trivial otherwise. Using Theorem 4.2.1 and the fact
that G preserves products, this also yields the claim in the case of finite products
of F-Eilenberg-MacLane spaces.
The general case in positive characteristic follows using the properties of the
Ku¨nneth spectral sequence for an infinite product as explained in [12, 4.4].
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We give a separate argument for the case F “ Q which relies on the struc-
ture theory of connected graded Hopf algebras over the rationals. The homology
C :“ H˚pKpV qq is a connected graded commutative and cocommutative Hopf al-
gebra. By the theorem of Cartier-Milnor-Moore [49, Appendix B.4.5], it is the uni-
versal enveloping algebra UPrimpCq on its primitives. By the theorem of Poincare-
Birkhoff-Witt [49, Appendix B.2.3], the underlying graded coalgebra is isomorphic
to the symmetric algebra SPrimpCq on PrimpCq. This is the graded cofree coalge-
bra on PrimpCq by [49, Appendix B.4.1]. Now it is a well-known fact in rational
homotopy theory that the primitives in loop space homology can be identified with
the homotopy groups. As a consequence, V “ PrimpCq which completes the proof
of the assertion. 
As a consequence we have for any C P CA a natural isomorphism
(4.2.3) HomCA
`
C,H˚pKpV qq
˘
– HomVecpJpCq, V q.
For any F-GEM G and space X , we obtain a natural isomorphism
(4.2.4) rX,Gs – HomCA
`
H˚pXq, H˚pGq
˘
.
Combining the last two isomorphisms, we note that the functor K : Vec Ñ HopSq
is a right adjoint to the homology functor J ˝H˚ : HopSq Ñ Vec. Another direct
consequence is the following proposition.
Proposition 4.2.5. The set of objects tH˚pKpF,mqq |m ě 0u is a cogenerating
set for the category CA. In particular, for a map f : C Ñ D in CA the following
statements are equivalent:
(1) The map f is an isomorphism (respectively, monomorphism).
(2) The induced map
f˚ : HomCA
`
D,H˚KpF,mq
˘
Ñ HomCA
`
C,H˚KpF,mq
˘
is an isomorphism (respectively, epimorphism) for every m ě 0.
4.3. Cosimplicial resolutions of unstable coalgebras. We may regard CA as
a proper model category endowed with the discrete model structure. Consider
(4.3.1) E “ tH˚
`
KpF,mq
˘
|m ě 0u
as a set of group objects in CA. The group structure is induced by the group
structure of the Eilenberg-MacLane spaces. By Proposition 4.2.5, a map in CA is
E-monic if and only if it is injective. Moreover, every unstable coalgebra can be
embedded into a product of objects from E . An unstable coalgebra is E-injective if
and only if it is a retract of a product of objects from E (cf. [14, Lemma 3.10]).
Theorem 4.3.2. There is a proper simplicial model structure cCAE on the category
of cosimplicial unstable coalgebras, whose weak equivalences are the E-equivalences,
the cofibrations are the E-cofibrations, and the fibrations are the E-fibrations.
Proof. This is an application of Theorem 2.2.2 or the dual of [48, II.4, Theorem 4].
Right properness will be shown in Corollary 4.5.5. 
Remark 4.3.3. The underlying model structure on CA is discrete. This has the
following consequences:
(1) Every object in cCA is Reedy cofibrant, and therefore E-cofibrant.
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(2) For any s ě 0 and H P E , the canonical map
π6spC
‚, Hq Ñ πsrC
‚, Hs
is a natural isomorphism. Furthermore, there are natural isomorphisms
πsrC
‚, H˚KpF,mqs –
`
πspC‚qm
˘
v
where m on the left denotes the internal grading and p´qv is the dual vector
space. This shows that in cCA we deal essentially with only one invariant,
namely, π˚C‚.
The cohomotopy groups of a cosimplicial (unstable) coalgebra C‚ carry addi-
tional structure which is induced from the comultiplication. More specifically, the
graded vector space π0pC‚q of a cosimplicial (unstable) coalgebraC‚ is again an (un-
stable) coalgebra. Moreover, the higher cohomotopy groups πspC‚q, for s ě 1, are
(unstable) π0pC‚q-comodules where the comodule structure is essentially induced
from the unique degeneracy map Cs Ñ C0 and the comultiplication. Furthermore,
these are also coabelian as unstable modules. (The definition of coabelian objects
will be recall in Subsection 5.1.) See also the Appendix of [9] for the dual statement.
Using the Dold-Kan correspondence, the normalized cochains functorN : cVecÑ
Ch`pVecq is an equivalence from cVec to the category Ch`pVecq of cochain com-
plexes in Vec. The category Ch`pVecq admits a model structure where the weak
equivalences are the quasi-isomorphisms, the cofibrations are the monomorphisms
in positive degrees, and the fibrations are the epimorphisms. The Dold-Kan equiv-
alence can be used to transport a model structure on cVec from the model category
Ch`pVecq. The resulting model structure on cVec is an example of a resolution
model category as explained in [14, 4.4]. Moreover, with respect to this model
structure, the adjunction obtained in (4.1.8):
J : cCAE Õ cVec : G
is a Quillen adjunction. One easily derives the following characterizations (cf. [14,
4.4]).
Proposition 4.3.4. Let f : C‚ Ñ D‚ be a map in cCA.
(1) f is an E-equivalence if and only if it induces isomorphisms
πnpfq : πnpC‚q – πnpD‚q
for all n ě 0, or equivalently, if the induced map between the associated nor-
malized cochain complexes of graded vector spaces is a quasi-isomorphism.
(2) f is an E-cofibration if and only if the induced map
Nf : NC‚ Ñ ND‚
between the associated cochain complexes is injective in positive degrees.
Remark 4.3.5. The normalized cochain complex of a cocommutative coalgebra
C‚ in cVec carries the structure of a cocommutative coalgebra in Ch`pVecq which
is induced by the comultiplication of C‚ and the shuffle map (cf. [48, II, 6.6-6.7]).
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4.4. Cosimplicial comodules over a cosimplicial coalgebra. In this subsec-
tion, we discuss the homotopy theory of cosimplicial comodules over a cosimplicial
F-coalgebra C‚. The results here are mostly dual to results about simplicial mod-
ules over a simplicial ring due to Quillen [48].
Let C‚ be a cosimplicial graded F-coalgebra, i.e., a cocommutative, counital coal-
gebra object in cVec. Note that C‚ carries a cosimplicial and an internal grading.
Definition 4.4.1. A (cosimplicial) C‚-comodule M‚ is a cosimplicial graded F-
vector space M‚ together with maps Mn Ñ Cn bF M
n, for each n ě 0, which
are compatible with the cosimplicial structure maps and endow Mn with a (left)
Cn-comodule structure. We denote the category of C‚-comodules by ComodC‚ .
The category ComodC‚ is an abelian category whose objects are equipped with a
cosimplicial and an internal grading. The forgetful functor U admits a right adjoint
U : ComodC‚ Õ cVec: C
‚ b´
which is comonadic: ComodC‚ is a category of coalgebras with respect to a comonad
on cVec.
We wish to promote this adjunction to a Quillen adjunction by transferring the
model structure from cVec to ComodC‚ . The standard methods for transferring a
(cofibrantly generated) model structure along an adjunction do not apply to this
case because here the transfer is in the other direction, from right to left along the
adjunction. Moreover, ComodC‚ is not a category of cosimplicial objects in a model
category, so the resulting model category is not, strictly speaking, an example of a
resolution model category. We give a direct proof for the existence of the induced
model structure on ComodC‚ , essentially by dualizing arguments from [48], see also
[6].
A map f : X‚ Ñ Y ‚ in ComodC‚ is:
‚ a weak equivalence (resp. cofibration) if Upfq is a weak equivalence (resp.
cofibration) in cVec.
‚ a cofree map if it is the transfinite (pre-)composition of an inverse diagram
F : λop Ñ ComodC‚ for some ordinal λ,
X‚ Ñ ¨ ¨ ¨ Ñ F pα` 1q
pα
ÝÝÑ F pαq Ñ ¨ ¨ ¨ Ñ F p1q
p0
ÝÑ F p0q “ Y ‚
such that for each α ă λ there is a fibration qα : V
‚
α Ñ W
‚
α in cVec and a
pullback square
F pα` 1q //
pα

C‚ b V ‚α
C‚bqα

F pαq // C‚ bW ‚α
and for each limit ordinal α ď λ, F pαq Ñ lim
ÐÝκăα
F pκq is an isomorphism.
(This is equivalent to saying that f is cellular in pComodC‚q
op with respect
to the class of maps of the form C‚ b q where q is a fibration in cVec.)
‚ a fibration if it is a retract of a cofree map.
Theorem 4.4.2. These classes of weak equivalences, cofibrations and fibrations
define a proper simplicial model structure on ComodC‚ .
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Proof. It is clear that ComodC‚ has colimits - they are lifted from cVec. Follow-
ing [47], it can be shown that ComodC‚ is locally presentable and therefore also
complete. It can be checked directly that finite limits are lifted from finite limits
in cVec due to the exactness of the graded tensor product. The “2-out-of-3” and
retract axioms are obvious. The factorization axioms are proved in Lemmas 4.4.3
and 4.4.4 below. In both factorizations the second map is actually a cofree map.
For the lifting axiom in the case of a trivial cofibration and a fibration, it suffices
to consider a lifting problem as follows
A‚ //
j

C‚ b V ‚
C‚bq

B‚ // C‚ bW ‚
where j is a trivial cofibration, and q a fibration in cVec. This square admits a lift
because the adjoint diagram in the model category cVec admits a lift
UpA‚q //
Upjq

V ‚
q

UpB‚q //
;;①①①①①①①①①
W ‚
For the other half of the lifting axiom, consider a commutative square
X‚
f //
i

E‚
p

D‚
g // Y ‚
where i is a cofibration and p a trivial fibration. The proof of Lemma 4.4.3 below
gives a factorization p “ p1j into a cofibration followed by a trivial fibration which
has the following form
E‚
»
ãÑ Y ‚ ‘ pC‚ b Z‚q
»
։ Y ‚
where Z‚ is weakly trivial in cVec and the last map is the projection. By the
“2-out-of-3” property, j is a weak equivalence. The commutative square
X‚
jf //
i

Y ‚ ‘ pC‚ b Z‚q
p1

D‚
g // Y ‚
admits a lift h : D‚ Ñ Y ‚ ‘ pC‚ b Z‚q which is induced by an extension of
UpX‚q Ñ Z‚ to UpD‚q in cVec. Moreover, given the half of the lifting axiom that
is already proved, the commutative square
E‚
j

E‚
p

Y ‚ ‘ pC‚ b Z‚q
p1 // Y ‚
admits a lift h1 : Y ‚ ‘ pC‚ b Z‚q Ñ E‚ - which shows that p a retract of p1. The
composition h2 :“ h1h : D‚ Ñ E‚ is a required lift for the original square.
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Properness is inherited from cVec. The simplicial structure is the external one -
this is defined dually to the one in [48], see also Subsection 2.1. The compatibility
of the simplicial structure with the model structure can easily be deduced from the
corresponding compatibility in cVec. 
We complete the proof of Theorem 4.4.2 with proofs of the following two lemmas.
Lemma 4.4.3. Every map in ComodC‚ can be factored functorially into a cofibra-
tion followed by a cofree map which is also a weak equivalence.
Proof. Let f : X‚ Ñ Y ‚ be a map in ComodC‚ . Choose a functorial factorization
in cVec of the zero map UpX‚q
j
ÝÑ Z‚
q
ÝÑ 0, into a cofibration j followed by a trivial
fibration q. Consider i : X‚ Ñ C‚ b Z‚, the adjoint of j. Then f factors as
X‚
pf,iq
ÝÝÝÑ Y ‚ ‘ pC‚ b Z‚q
p
ÝÑ Y ‚
where p is the projection. The map p is obviously cofree. It is also a weak equiva-
lence since C‚ b Z‚ is weakly trivial. 
Lemma 4.4.4. Every map in ComodC‚ can be factored functorially into a trivial
cofibration followed by a cofree map.
Proof. Let f : X‚ Ñ Y ‚ be a map in ComodC‚ . First, we show that we can factor
f functorially into a cofibration which is injective on cohomotopy groups followed
by a cofree map. There is a functorial factorization of Upfq in cVec
UpX‚q
pf,i1q
ÝÝÝÑ UpY ‚q ‘W ‚
q
ÝÑ UpY ‚q
where i1 is a cofibration and induces monomorphisms on cohomotopy groups. The
map q is the projection. Then the map i in ComodC‚ adjoint to i
1 gives the desired
factorization:
X‚
pf,iq
ÝÝÝÑ Z‚ :“ Y ‚ ‘ pC‚ bW ‚q
p
ÝÑ Y ‚
where p denotes the projection away from C‚ bW ‚. Since i1 factors through Upiq,
it follows that i also induces a monomorphism on cohomotopy groups.
Thus it suffices to show that a cofibration f : X‚ Ñ Y ‚ which is injective on
cohomotopy groups can be factored functorially into a trivial cofibration followed
by a cofree map. We proceed with an inductive construction. Set i0 “ f . For
the inductive step, suppose that we are given a cofibration in : X
‚ Ñ Z‚n which is
injective on cohomotopy in all degrees and surjective in degrees less than n. We
claim that there is a functorial factorization of in into a cofibration in`1 whose
connectivity is improved by one, followed by a cofree map.
LetW ‚ be the cofiber of in in ComodC‚ (or cVec) and q : Z
‚
n Ñ W
‚ the canonical
map. By assumption, we have that π˚pW ‚q “ 0 for ˚ ă n and πspZ‚nq Ñ π
spW ‚q is
surjective with kernel πspX‚q for all s ě 0. Let 0
»
ÝÑ P pW ‚q։ UpW ‚q be a func-
torial (trivial cofibration, fibration)-factorization in cVec. Consider the pullback in
ComodC‚ ,
Z‚n`1
pn

// C‚ b P pW ‚q

X‚
in //
in`1
<<③
③
③
③
Z‚n
// W ‚ // C‚ bW ‚
There is a canonical factorization of in through Z
‚
n`1 since the bottom composition
is the zero map. We claim that this factorization in “ pnin`1 has the desired
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properties. Obviously pn is cofree, in`1 is injective on cohomotopy in all degrees,
and it also is surjective in degrees less than n. Since C‚ b P pW ‚q is weakly trivial
and W ‚ is pn´ 1q-connected, there is an exact sequence
0Ñ πnpZ‚n`1q Ñ π
npZ‚nq Ñ π
npW ‚q
from which it follows that the monomorphism πnpX‚q Ñ πnpZ‚n`1q is actually an
isomorphism.
By this procedure, we obtain inductively a sequence of maps pin`1, pnq, for each
n ě 0, such that in “ pnin`1. The desired factorization of f is obtained by first
passing to the limit
X‚
i
ÝÑ limÐÝ
n
Z‚n
p
ÝÑ Y ‚
and then applying Lemma 4.4.3 to factor i “ p1j into a cofibration j followed by
a cofree map p1 which is a weak equivalence. By construction, the map p is cofree
and therefore so is pp1. The inverse system of cohomotopy groups induced by the
tower of objects tZ‚nu in ComodC‚ satisfies the Mittag-Leffler condition since the
maps become isomorphisms eventually. Hence
π˚plimÐÝ
n
Z‚nq
–
ÝÑ limÐÝ
n
π˚pZ‚nq,
so i is a weak equivalence, and therefore so is j. Then the factorization f “ ppp1qj
has the required properties. 
4.5. Spectral sequences. Let C be a cocommutative coalgebra over F, and letM
and N be two C-comodules. The cotensor product is the equalizer of the diagram
M ✷C N ÑM bN Ñ M b C bN
where the maps on the right are defined using the two comodule structure maps.
A C-comodule M is called cofree if it is of the form C b V for some F-vector
space V . M is called injective if it is a retract of a cofree C-comodule. We have a
canonical isomorphism pC b V q ✷C N – V bN . There are analogous definitions
and properties in the context of graded vector spaces and graded coalgebras. For
background material and the general properties of the cotensor product, we refer
to Milnor-Moore [45], Eilenberg-Moore [26], Neisendorfer [46], and Doi [17].
The definition of the cotensor product extends pointwise to the context of C‚-
comodules B‚ and A‚ over a cosimplicial cocommutative coalgebra C‚ in Vec. The
cotensor product with a C‚-comodule B‚,
B‚ ✷C‚ ´ : ComodC‚ Ñ cVec,
is left exact and therefore admits right derived functors denoted CotorpC‚pB
‚,´q.
Note that the functor Cotor comes with a trigrading, i.e., CotorpC‚pB
‚,´q is bi-
graded for all p ě 0. As usual, we will usually suppress the internal grading from
the notation.
Here we will be interested in the derived cotensor product and its relation with
Cotor˚C‚pB
‚,´q via a coalgebraic version of the Ku¨nneth spectral sequence. We
define the derived cotensor product
B‚
R
✷C‚ A
‚ :“ I‚ ✷C‚ J
‚
where B‚
»
ÝÑ I‚ and A‚
»
ÝÑ J‚ are functorial fibrant replacements in ComodC‚ . It
can be shown by standard homotopical algebra arguments that the derived cotensor
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product is invariant under weak equivalences in both variables. Indeed, any two
fibrant replacements are (cochain) homotopy equivalent and such equivalences are
preserved by the cotensor product.
The following theorem is the coalgebraic version of [48, II.6, Theorem 6]. We
only give a sketch of the proof since the arguments are dual to those of [48].
Theorem 4.5.1 (Ku¨nneth spectral sequences). Let C‚ be a cocommutative coalge-
bra in cVec and A‚, B‚ two C‚-comodules. Then there are first quadrant spectral
sequences
(a) Ep,q2 “ π
ppCotorqC‚pB
‚, A‚qq ùñ πp`qpB‚
R
✷C‚ A
‚q
(b) Ep,q2 “ Cotor
p
π˚pC‚qpπ
˚pB‚q, π˚pA‚qqq ùñ πp`qpB‚
R
✷C‚ A
‚q
(c) Ep,q2 “ π
ppπqpB‚q
R
✷C‚ A
‚q ùñ πp`qpB‚
R
✷C‚ A
‚q
(d) Ep,q2 “ π
ppB‚
R
✷C‚ π
qpA‚qq ùñ πp`qpB‚
R
✷C‚ A
‚q
which are natural in A‚, B‚ and C‚.
The edge homomorphism of (a) is
π˚pB‚ ✷C‚ A
‚q Ñ π˚pB‚
R
✷C‚ A
‚q
and is induced by the canonical map
B‚ ✷C‚ A
‚ Ñ B‚
R
✷C‚ A
‚.
This canonical map is a weak equivalence if CotorpCnpBn, Anq “ 0 for p ą 0 and
n ě 0.
The notation in (b) and (c) requires some explanation. In (b), π˚pB‚q, a graded
coalgebra in Vec, becomes a π˚pC‚q-comodule using the C‚-comodule structure of
B‚ and the shuffle map. In (c), π˚pB‚q denotes the constant object cπ˚pB‚q P cVec.
The C‚-comodule structure and the shuffle map makes this a comodule over the
constant cosimplicial coalgebra π0pC‚q. We then regard it as C‚-comodule via the
canonical coalgebra map cπ0pC‚q Ñ C‚.
Proof. (Sketch) (a) One constructs inductively an exact sequence in ComodC‚ :
(4.5.2) B‚ Ñ I‚0 Ñ I
‚
1 Ñ . . .
where B‚0 “ B
‚, B‚p
»
ãÑ I‚p is a fibrant replacement of B
‚
p in ComodC‚ , and
B‚p`1 “ coker pB
‚
p Ñ I
‚
p q.
Then I‚p is weakly trivial for all p ą 0, i.e. π
spI‚p q “ 0 for all s ě 0 and p ą 0. Since
I‚p is fibrant, it follows that I
‚
p ✷C‚ A
‚ is also weakly trivial, i.e. π˚pI‚p ✷C‚ A
‚q “ 0
for all p ą 0. Apply the normalized cochains functor with respect to the cosimplicial
direction of the complex (4.5.2) to obtain a double complex
N‚v pI
‚
˚ ✷C‚ A
‚q
in which the vertical direction corresponds to the cosimplicial direction. Since Inp
is an injective Cn-comodule for all n, by the description of the fibrant objects in
ComodC‚ , I
n
˚ is an injective resolution of the C
n-comodule Bn. Hence,
HqNpv pI
‚
˚ ✷C‚ A
‚q “ NpCotorqC‚pB
‚, A‚q.
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So there is a spectral sequence associated to this double complex with E2-term
(4.5.3) Ep,q2 “ H
p
vH
q
hN
‚
v pI
‚
˚ ✷C‚ A
‚q “ πppCotorqC‚pB
‚, A‚qq
where the subscripts v, h denote the vertical and horizontal directions respectively.
To see that the spectral sequence converges to πp`qpI‚0✷C‚A
‚q, it suffices to note
that
H
p
hH
q
vN
‚
v pI
‚
˚ ✷C‚ A
‚q “
"
0 q ą 0
πppI‚0 ✷C‚ A
‚q q “ 0.
Resolving A‚ Ñ J‚˚ instead of B
‚, we obtain a similar spectral sequence. This new
spectral sequence degenerates if we replace B‚ with J‚0 . This means that the map
A‚ ✷C‚ I
‚
0
»
ÝÑ J‚0 ✷C‚ I
‚
0
is a weak equivalence and therefore
B‚
R
✷C‚ A
‚ » I‚0 ✷C‚ A
‚.
This completes the construction of the spectral sequence and proves the last claim
(cf. [48, II.6, 6.10]).
(b) Consider the category cComodC‚ of cosimplicial objects over C
‚-comodules
endowed with the resolution model structure with respect to the class G of cofree
C‚-comodules. We choose a G-fibrant replacement B‚ Ñ I˚‚ , which we may in
addition assume to be cofree in cComodC‚ . By (a), we have
(4.5.4) TotpI˚‚ ✷C‚ A
‚q “ diagpI˚‚ ✷C‚ A
‚q » B‚
R
✷C‚ A
‚.
Consider the spectral sequence with Ep,q2 “ π
p
hπ
q
v of the associated double complex
where the original cosimplicial direction (the ‚-direction) is viewed as the vertical
one. Since the fibrant replacement is cofree, the normalized cochain complex of
π‚pI‚˚q, along the horizontal ˚-direction, defines an injective π
‚pC‚q-resolution of
π‚pB‚q (see the proof of [48, II.6, Lemma 1]). Then
E
p,q
2 “ π
ppπ‚pI˚‚ q ✷π‚pC‚q π
‚pA‚qqq
by arguments dual to [48, II.6, Lemma 1]. As a consequence, the spectral sequence
has the requiredE2-term and it converges to the derived cotensor product by (4.5.4).
(c) For a C‚-comodule D‚, we consider a truncation functor defined by
T pD‚q “ D‚{cπ0pD‚q.
We define cone and suspension functors, Cone and Σ, using the simplicial structure
as follows,
ConepD‚q “ D‚ b∆1{D‚ b∆0
ΣpD‚q “ D‚ b∆1{D‚ b B∆1.
Note that ConepD‚q is weakly trivial for eachD‚. There is a natural exact sequence
of C‚-comodules
cπ0pD‚q Ñ D‚ Ñ ConepTD‚q Ñ ΣpTD‚q
For k ě 1, we have natural isomorphisms
πkpTD‚q – πkpD‚q and πk´1pΣD‚q – πkpD‚q.
Consequently, we obtain exact sequences for each k ě 0:
cπkpB‚q Ñ ΣkpB‚q Ñ ConepTΣkB‚q Ñ ΣpTΣkB‚q » Σk`1pB‚q.
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Let A‚ Ñ I‚ be a fibrant replacement. Since the functor ´ ✷C‚ I
‚ is exact, we get
long exact sequences for k ě 0:
. . .Ñ πn´2pΣk`1B‚ ✷C‚ I
‚q Ñ πnpcπkpB‚q ✷C‚ I
‚q Ñ πnpΣkB‚ ✷C‚ I
‚q
Ñ πn´1pΣk`1B‚ ✷C‚ I
‚q Ñ . . .
which can be spliced together to obtain an exact couple with
D
p,q
2 “ π
ppΣqB‚ ✷C‚ I
‚q and Ep,q2 “ π
ppπqpB‚q ✷C‚ I
‚q.
The spectral sequence defined by the exact couple has the required E2-term and
converges to π˚pB‚
R
✷C‚ I
‚q – π˚pB‚
R
✷C‚ A
‚q by (a) above. 
These spectral sequences for the derived cotensor product of C‚-comodules will
be useful in the study of homotopy pullbacks in cCAE . We note that given a
pullback of cocommutative graded F-coalgebras,
E //

A
f

B
g // C
then the maps f and g define C-comodule structures on A and B, respectively.
Moreover, the cotensor product B✷C A is naturally a cocommutative graded coal-
gebra. This uses the left exactness of the tensor product and the fact that the
intersection of two subcoalgebras is again a coalgebra. It is easy to verify that the
graded coalgebra B✷C A can be identified with the pullback E. Thus, we obtain
the following corollary.
Corollary 4.5.5. The model category cCAE is right proper.
Proof. Consider a pullback square in cCAE
E‚
g˜ //

A‚
f

B‚
g // C‚
where g is a weak equivalence and f a fibration in cCAE . We claim that g˜ is also
a weak equivalence. By the characterization of fibrations in Proposition 2.3.12, it
suffices to consider the case where f comes from a pullback square as follows
A‚
f

// pcGpV qq∆
s

C‚
h // pcGpV qqB∆
s
for some map h and V P Vec. Regarding B‚ and A‚ as C‚-comodules, we observe
that E‚ “ B‚ ✷C‚ A
‚. Since An is cofree as Cn-comodule, then the last statement
of Theorem 4.5.1 implies that E‚ » B‚
R
✷C‚ A
‚ and the result follows. 
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4.6. Homotopy excision. In this subsection, we prove a homotopy excision the-
orem in cCAE using the results on the homotopy theory of C‚-comodules.
The homotopy excision theorem says that a homotopy pullback square in cCAE is
also a homotopy pushout in a cosimplicial range depending on the connectivities of
the maps involved. In a way familiar from classical obstruction theory of spaces, this
theorem will be essential in later sections in identifying obstructions to extending
maps and in describing the moduli spaces of such extensions.
Definition 4.6.1. A commutative square in cCAE
E‚ //

A‚

B‚ // C‚
is called
(a) homotopy n-cocartesian if the canonical map
hocolim pA‚ Ð E‚ Ñ B‚q Ñ C‚
is cosimplicially n-connected.
(b) homotopy n-cartesian if the canonical map
E‚ Ñ holim pA‚ Ñ C‚ Ð B‚q
is cosimplicially n-connected.
Similarly we define homotopy n-(co)cartesian squares in ComodC‚ or cVec by con-
sidering instead the homotopy (co)limits in the respective categories.
Remark 4.6.2. The general notion of “cosimplicially n-connected” is defined in
Definition 3.4.1. In this particular case, a map f : D‚ Ñ C‚ in cCAE (or cVec) is
cosimplicially n-connected if and only if it induces isomorphisms on cohomotopy
groups in degrees ă n and a monomorphism in degree n (cf. Remark 4.3.3 and
Proposition 4.3.4).
Lemma 4.6.3. Consider a homotopy pullback square in cCAE (or cVec):
E‚ //
g

A‚
f

B‚ // C‚.
If f is n-connected, then so is g.
Proof. We may assume that f is an E-cofree map and E‚ “ B‚✷C‚A
‚. Then the
result follows easily from Theorem 4.5.1(b). The case of cVec is well-known and
can be shown using standard results from homological algebra. 
Remark 4.6.4. Let p : E‚ Ñ B‚ be an E-cofree map in cCAE . Then we have a
(homotopy) pullback square
cosksppq //
γs´1ppq

homp∆s, cGsq

cosks´1ppq // hompB∆s, cGsq.
40 GEORG BIEDERMANN, GEORGIOS RAPTIS, AND MANFRED STELZER
By inspection, the right vertical map is ps´ 1q-connected. Hence, the left vertical
map is ps´ 1q-connected.
There is a forgetful functor V : cCA{C‚ Ñ ComodC‚ which sends f : D
‚ Ñ C‚
to D‚ regarded as a C‚-comodule with structure map pf, idq : D‚ Ñ C‚ b D‚.
The functor V admits a right adjoint, but we will not need this fact here. Note
that homotopy pullbacks in ComodC‚ define also homotopy pushouts, and that V
preserves homotopy pushouts. Using these facts, we will first express the homotopy
excision property in cCAE as a comparison between taking homotopy pullbacks in
cCAE and in ComodC‚ , respectively.
Theorem 4.6.5 (Homotopy excision for cosimplicial unstable coalgebras). Let
E‚ //

A‚
f

B‚
g // C‚
be a homotopy pullback square in cCAE where f is m-connected and g is n-connected.
Then
(a) the square is homotopy pm` n` 1q-cartesian in ComodC‚ ,
(b) the square is homotopy pm` nq-cocartesian in cCAE .
Proof. (a) The idea of the proof is to compare E‚ with the homotopy pullback in
ComodC‚ . By Proposition 3.4.3, we may assume that f and g are E-cofree maps
of the form
f : A‚ Ñ . . .Ñ coskm`1pfq
fm
ÝÝÑ coskmpfq “ C
‚
g : B‚ Ñ . . .Ñ coskn`1pgq
gn
ÝÑ cosknpgq “ C
‚
and E‚ is the strict pullback of f and g. Therefore, we have that E‚ “ B‚ ✷C‚ A
‚
as C‚-comodules. Let pE‚ :“ A‚ ‘C‚ B‚ denote the pullback of f and g in C‚-
comodules. Then it suffices to show that the canonical map
c : E‚ Ñ pE‚
is pm ` n ` 1q-connected, i.e., the induced map πsE‚ Ñ πs pE‚ is an isomorphism
for s ď m` n and injective for s “ m` n` 1.
We first consider the case where each of the maps f and g is defined by a single
coattachment. This means that we have pullback squares in cCA as follows
E‚ //

A‚
f

// cGpV q∆
k

B‚
g //

C‚ //

cGpV qB∆
k
cGpW q∆
l // cGpW qB∆
l
where k ě m` 1 and l ě n` 1. Note that in each cosimplicial degree s ě 0, there
are isomorphisms of graded vector spaces
As – Cs b
`
ΩkcGpV q
˘s
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and
Bs – Cs b
`
ΩlcGpW q
˘s
such that both f and g are isomorphic to the projections onto Cs. Thus, for all
s ě 0, there are isomorphisms of graded vector spaces
Es – Cs b
`
ΩkcGpV q
˘s
b
`
ΩlcGpW q
˘s
–
`
Cs b
`
ΩkGpV q
˘s˘
✷Cs
`
Cs b
`
ΩlGpW q
˘s˘
.
Let ΩkcGpV q “ ker
“
ΩkcGpV q Ñ cF
‰
. Then we have isomorphisms of graded vector
spaces, for all s ě 0,
pEs – Cs ‘ ´Cs b `ΩkcGpV q˘s¯ ‘ ´Cs b `ΩlcGpW q˘s¯ .
Using these identifications of Es and pEs, it is easy to see that the map c is given
by the canonical projection. As a consequence, we can identify the kernel of c as
follows
pker cqs – Cs b
`
ΩkGpV q
˘s
b
`
ΩlGpW q
˘s
–
´
Cs b
`
ΩkGpV q
˘s¯
✷Cs
´
Cs b
`
ΩlGpW q
˘s¯
.
We estimate the connectivity of the cotensor product of these two C‚-comodules,
A
‚
:“ ker rf : A‚ Ñ C‚s “ C‚ b ΩkcGpV q
B
‚
:“ ker rg : B‚ Ñ C‚s “ C‚ b ΩlcGpW q,
using the Ku¨nneth spectral sequence from Theorem 4.5.1(b). We have
E
p,q
2 “ Cotor
p
π˚pC‚qpπ
˚pB
‚
q, π˚pA
‚
qqq
and the two arguments vanish in degrees less than or equal to m and n respectively.
It follows that Ep,q2 “ 0 for p` q ď m` n` 1, and therefore
π˚pker pcqq “ 0
for ˚ ď m`n` 1. Since ker pcq Ñ E‚
c
ÝÑ pE‚ defines a short exact sequence in cVec,
we conclude that the map c : E‚ Ñ pE‚ is pm` n` 1q-connected. This proves the
claim in the special case of single coattachments.
The general case follows inductively. For each new coattachment associated
with f or with g, the same argument applies to show that we obtain a new homo-
topy pm ` n ` 1q-cartesian square. It is easy to check that homotopy k-cartesian
squares are closed under composition which then completes the inductive step.
Also, Lemma 4.6.3 shows that it suffices to consider only the coattachments up to
a finite coskeletal degree.
For Part (b), we note that homotopy colimits in cCA can be computed in the
underlying category of cosimplicial graded vector spaces (or in ComodC‚) since
the forgetful functor from cCA to cVec (or ComodC‚) is left Quillen and detects
colimits. The statement now follows from (a) by comparing the long exact sequences
of cohomotopy groups. 
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5. Andre´-Quillen cohomology
In this section, we discuss Andre´-Quillen cohomology in the context of unstable
coalgebras. The basic definitions and constructions are recalled in Subsections 5.1
and 5.2. Then we introduce the objects of type KCpM,nq which play the role of
twisted Eilenberg-MacLane spaces in this context, and also represent Andre´-Quillen
cohomology.
In Subsection 5.3, we identify the homotopy types of the moduli spaces of K-
objects. These results, together with the homotopy excision theorem from Section 4,
are used in Subsection 5.4 (and Subsection 5.5) to analyze the Postnikov-type skele-
tal filtration of a cosimplicial unstable coalgebra.
5.1. Coabelian objects. We denote by V the full subcategory of all unstable right
A-modules M such that
xPn “ 0 for |x| ď 2pn and p odd, or
xSqn “ 0 for |x| ď 2n and p “ 2.
This subcategory is equivalent to the category of coabelian cogroup objects in CA˚,
i.e. the unstable coalgebras C for which the diagonal U-homomorphism C Ñ C‘C
is a morphism in CA˚. This property implies that the coalgebra structure must
be trivial. The relations above are forced by Definition 4.1.3(b) so that the trivial
coalgebra structure on M ‘ F is unstable. These instability conditions imply, in
particular, that M is trivial in non-positive degrees. The category V is an abelian
subcategory of U which has enough injectives (cf. [13, 8.5]).
Given an unstable coalgebra C, a C-comodule is an unstable module M P U
equipped with a map in U
∆M :M Ñ C bM,
which satisfies the obvious comodule properties. The category of C-comodules is
denoted by UC.
Let VC be the full subcategory of the C-comodules which are in V . This subcat-
egory VC is equivalent to the category of coabelian cogroup objects in the category
C{CA and, consequently, there is an adjunction as follows
ιC : VC Õ C{CA : AbC .
The left adjoint is defined by ιCpMq “ C ‘M , whose comultiplication is specified
by the comultiplication of C and by
∆M ` τ∆M : M Ñ pC bMq ‘ pM b Cq,
where τ denotes the twist map. This combined comultiplication can also be ex-
pressed in terms of derivations : for M P VC and D P C{CA, there is a natural
isomorphism
(5.1.1) DerCApM,Dq – HomC{CApιCpMq, Dq,
where the D-comodule structure on M is defined by the given map f : C Ñ D.
The right adjoint AbC is called the coabelianization functor and carries an object
f : C Ñ D to the kernel of the following map in UC:
Idb∆D´pIdbfbIdqp∆CbIdq´pIdbτqpIdbfbIdqp∆CbIdq : CbD Ñ CbDbD.
This definition generalizes the notion of primitive elements to the relative setting.
We recall the definition of primitive elements.
THE REALIZATION SPACE OF AN UNSTABLE COALGEBRA 43
Definition 5.1.2. Let C be an object in CoalgVec with a basepoint F Ñ C. An
element x P C is called primitive if
∆Cpxq “ 1b x` xb 1,
where 1 denotes the image of the basepoint of C at 1 P F. The comodule PrimpCq
is the sub-comodule of primitive elements
PrimpCq “ tx P C | ∆Cpxq “ 1b x` xb 1u.
In the case where C “ F, the coabelianization functor AbF : CA˚ Ñ V takes a
pointed unstable coalgebra D to the sub-comodule of primitives PrimpDq with the
induced unstable A-module structure.
An important example of coabelian objects is given in the following
Definition 5.1.3. For an object M in UC, we define its internal shift by
M r1s “M b rH˚pS1q.
In other words, we have M r1s0 “ 0 and, for n ě 1, M r1sn “ Mn´1 with shifted
Steenrod algebra action. The C-coaction is defined as follows. For m P Mn´1, we
write m PM r1sn. If ∆pmq “
ř
i ci bmi, then
M r1s Ñ C bM r1s , m ÞÑ
ÿ
i
ci bmi .
This yields a functor from UC to VC because the stronger instability condition is
automatically satisfied after shifting. Inductively, we define M rns “ pM rn´ 1sqr1s.
Since an unstable coalgebra C is a comodule over itself, the internal shift can
be viewed as a functor from CA to V . One obviously has a natural isomorphism
H˚pΣX`q – H˚pXqr1s.
5.2. Andre´-Quillen cohomology. Following the homotopical approach to homol-
ogy initiated by Quillen [48], the Andre´-Quillen cohomology groups of an unstable
coalgebra are defined as the right derived functors of the coabelianization functor.
For an unstable coalgebra C, we have an adjunction
ιC : VC Õ C{CA :AbC ,
which is given essentially by the inclusion of the full subcategory of coabelian
cogroup objects in C{CA. Passing to the respective categories of cosimplicial ob-
jects, this can be extended to a Quillen adjunction:
ιC : cVC Õ cpC{CAq :AbC .
The category on the right is the under-category cC{cCA and is endowed with the
model structure induced by cCAE . The model category on the left is the standard
pointed model category of cosimplicial objects in an abelian category (cf. [14, 4.4]).
As remarked in [48], for a given object D P C{CA, we may regard the derived
coabelianization
pRAbCqpDq
as the cohomology of D. Then, given an object M P VC, the 0-th Andre´-Quillen
cohomology group of D with coefficients in M is defined to be
AQ0CpD;Mq “ rcM, pRAbCqpcDqs.
In general, the n-th Andre´-Quillen cohomology group is
(5.2.1) AQnCpD;Mq “ rΩ
npcMq, pRAbCqpcDqs – π
nHomVCpM, pRAbCqpcDqq,
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where Ω denotes the derived loop functor in the pointed model category cVC. These
cohomology groups are also the non-additive right derived functors of the functor
HomVCpM,AbCp´qq : C{CAÑ Vec.
We recall (5.1.1) that this is the same as the functor of derivations
DerCApM,Dq : C{CAÑ Vec.
For an object D P C{CA and fibrant replacement D Ñ H‚ in cpC{CAq, the n-th
derived functor is defined to be (cf. [14, 5.5])´
RnHomVC
`
M,AbCp´q
˘¯
pDq “ πnHomVC
`
M,AbCpH
‚q
˘
.
It follows from standard homotopical algebra arguments that this is independent
of the choice of fibrant replacement up to natural isomorphism. A particularly
convenient choice of fibrant replacement comes from the cosimplicial resolution
defined by the monad on C{CA associated with the adjunction (4.1.9)
J : C{CA Õ JpCq{Vec :G.
Therefore, Andre´-Quillen cohomology can also be regarded as monadic (or triple)
cohomology, where M is the choice of coabelian coefficients.
5.3. Objects of type KCpM,nq. The adjoint of (5.2.1) gives a natural isomor-
phism
AQnCpD;Mq – rpLιCqpΩ
npcMqq, cDs,
where the right hand side denotes morphisms in HopcpC{CAqE q. This can be re-
garded as a representability theorem for Andre´-Quillen cohomology. Since the
canonical natural transformation in HopcVCq:
ΣΩÑ Id
is a natural isomorphism, there are also natural isomorphisms
(5.3.1) AQnCpD;Mq – rpLιCqpΣ
kΩn`kpcMqq, cDs.
The representing object pLιCqpΩ
npcMqq is described explicitly as follows. First,
the normalized cochain complex associated to ΩnpcMq is quasi-isomorphic to the
complex which has M in degree n and is trivial everywhere else. By the Dold-Kan
correspondence, this means that ΩnpcMq is given up to weak equivalence by a sum
of copies of M in each cosimplicial degree. Since every object in cVC is cofibrant,
the functor ιC preserves the weak equivalences, and so we may choose ιCpΩ
npcMqq
for the value of the derived functor at ΩnpcMq. Explicitly, this consists of the semi-
direct product of copies ofM with the coalgebra C in each cosimplicial degree. The
cohomotopy groups of the resulting object are
πs
´
ιC
`
ΩnpcMq
˘¯
–
$&%
M s “ n
C s “ 0
0 otherwise
for all n ą 0. For n “ 0, clearly π0pιCpcMqqq “ cpιCpMqq with vanishing higher co-
homotopy groups. These are isomorphisms of unstable coalgebras and C-comodules
respectively. Since VC is pointed, we obtain a retraction map ιCpΩ
npcMqq Ñ cC
in the homotopy category. It turns out that objects satisfying all these proper-
ties are homotopically unique (Proposition 5.3.7). First we formulate precisely the
definition of this type of objects.
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Definition 5.3.2. Let C be an unstable coalgebra. An object D‚ P cCA is said to
be of type KpC, 0q if it weakly equivalent to the constant cosimplicial object cC.
Definition 5.3.3. Let C P CA, M P VC, and n ě 1. An object D‚ of cCA is said
to be of type KCpM,nq if the following are satisfied:
(a) there are isomorphisms of coalgebras and C-comodules respectively:
πsD‚ –
$&%
C s “ 0
M s “ n
0 otherwise,
(b) there is a map D‚ Ñ D‚0 to an object of type KpC, 0q such that the com-
posite sk1pD
‚q Ñ D‚ Ñ D‚0 is a weak equivalence. (Only the existence and
not a choice of such a map is required here.)
Occasionally, we will also use the notation KCpM, 0q to denote an object of type
KpιCpMq, 0q.
It is clear from the definition that an object of type KCpM,nq can be roughly
regarded, up to weak equivalence, both as an object under and over cC, but the
choices involved will be non-canonical. It will often be necessary to include such a
choice in the structure, and view the resulting object as an object of a slice category
instead.
Definition 5.3.4. Let C P CA and M P VC.
(a) A pointed object of type KCpM,nq, n ě 1, is a pair pD
‚, iq where D‚ is
an object of type KCpM,nq and i : cC Ñ D
‚ is a map which induces an
isomorphism on π0-groups.
(b) A structured object of type KCpM,nq, n ě 1, is a pair pD
‚, ηq where D‚ is
an object of type KCpM,nq and η : D
‚ Ñ D‚0 is a map as in (b) above.
(c) A pointed object of type KCpM, 0q is a pair pD
‚, iq where D‚ is an object
of type KpιCpMq, 0q and i : cC Ñ D
‚ is a map such that π0piq can be
identified up to isomorphism with the standard inclusion C Ñ ιCpMq.
(d) A structured object of type KCpM, 0q is a pair pD
‚, ηq where D‚ is an
object of type KpιCpMq, 0q and η : D
‚ Ñ D‚0 is a map to an object of
type KpC, 0q such that π0pηq can be identified up to isomorphism with the
canonical projection ιCpMq Ñ C.
Remark 5.3.5. Let pD‚, ηq be a structured object of type KCpM,nq and n ą 0.
Then the homotopy pushout of the maps
D‚0
η
Ð D‚
η
Ñ D‚0
is a structured object of type KCpM,n´ 1q.
Construction 5.3.6. As explained above, the objects ιCpΩ
npcMqq are pointed and
structured objects of type KCpM,nq. We sketch a different construction of objects
of type KCpM,nq based on the homotopy excision theorem. The construction is
by induction. For n “ 0, the constant coalgebra cC is an object of type KpC, 0q by
definition. Assume that an object D‚ of type KCpM,n ´ 1q has been constructed
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for n ą 1. Consider the homotopy pullback square
E‚

// sk1pD‚q

sk1pD
‚q // D‚,
where sk1pD
‚q is an object of type KpC, 0q. Then, by homotopy excision (The-
orem 4.6.5), skn`1pE
‚q is an object of type KCpM,nq (see also Proposition 5.4.1
below). We can always regard this as structured by making a choice among one of
the maps to sk1pD
‚q. The case n “ 1 is somewhat special. In this case, we consider
the following homotopy pullback square
E‚ //

cC

cC // cpιCpMqq
and an application of homotopy excision shows that sk2pE
‚q is of type KCpM, 1q.
To be more precise, one applies Theorem 5.5.3 and Corollary 5.5.9 below and uses
the fact that C ✷ιCpMq C “ C.
Next we show the homotopical uniqueness of K-objects, and moreover determine
the homotopy type of the moduli space of structured K-objects. For C an unstable
coalgebra, M a C-comodule in VC, and n ě 0, we denote this moduli space by
M
`
KCpM,nq։ KpC, 0q
˘
.
This is an example of a moduli space for maps where the arrow ։ indicates that
these maps satisfy an additional property. It is the classifying space of the category
W
`
KCpM,nq։ KpC, 0q
˘
whose objects are structured objects of type KCpM,nq:
D‚
η
ÝÑ D‚0
and morphisms are square diagrams as follows
D‚
η //
»

D‚0
»

E‚
η1 // E‚0 ,
where the vertical arrows are weak equivalences in cCAE . Note that we have also
allowed the case n “ 0. We will also use the notation WpKpC, 0qq and MpKpC, 0qq
to denote respectively the category and moduli space for objects weakly equivalent
to cC.
An automorphism of ιCpMq is an isomorphism φ : ιCpMq Ñ ιCpMq which is
compatible with an isomorphism φ0 of C along the projection map:
ιCpMq
φ
–
//

ιCpMq

C
φ0
–
// C.
This group of automorphisms will be denoted by AutCpMq.
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Proposition 5.3.7. Let C P CA, M P VC, and n ě 0. Then:
(a) There is a weak equivalence MpKpC, 0qq » BAutpCq.
(b) There is a weak equivalence M
`
KCpM, 0q։ KpC, 0q
˘
» BAutCpMq.
(c) There is a weak equivalence
M
`
KCpM,n` 1q։ KpC, 0q
˘
»M
`
KCpM,nq։ KpC, 0q
˘
.
Proof. (a) Let WpCq denote the subcategory of unstable coalgebras isomorphic to
C and isomorphisms between them. This is a connected groupoid, so its classifying
space is weakly equivalent to BAutpCq. There is a pair of functors
c : WpCq Õ WpKpC, 0qq :π0
and natural weak equivalences
Id ÝÑ π0 ˝ c and c ˝ π0 ÝÑ Id,
which show that this (adjoint) pair of functors induces an inverse pair of homotopy
equivalences MpKpC, 0qq » BpWpCqq, as required.
(b) Let CAÑ denote the category of morphisms and commutative squares in
CA. Let WpC;Mq be the subcategory of CAÑ whose objects are isomorphic to the
canonical projection
ιCpMq Ñ C
and whose morphisms are isomorphisms between such objects. Since this is a
connected groupoid, we have
BpWpC;Mqq » BAutCpMq.
There is a pair of functors
c : WpC;Mq Õ W
`
KCpM, 0q։ KpC, 0q
˘
:π0
and the two composites are naturally weakly equivalent to the respective identity
functors as before. The required result follows similarly.
(c) There is a pair of functors
F : W
`
KCpM,n` 1q։ KpC, 0q
˘
Õ W
`
KCpM,nq։ KpC, 0q
˘
:G
defined as follows:
(i) F sends an object η : D‚ Ñ D‚0 to the homotopy pushout of the diagram
D‚0
η
Ð D‚
η
Ñ D‚0
as structured object of type KCpM,nq (see Remark 5.3.5).
(ii) Let η : D‚ Ñ D‚0 be an object of W
`
KCpM,nq։ KpC, 0q
˘
. Suppose first
that n ą 0. In this case, we form the homotopy pullback
E‚ //
q

sk1pD
‚q
i

sk1pD
‚q
i // D‚,
where i is the natural inclusion map. G sends the object η to the natural
map
skn`2pE
‚q Ñ E‚
q
ÝÑ sk1pD
‚q
which is an object of W
`
KCpM,n` 1q։ KpC, 0q
˘
by Theorem 4.6.5 and
Construction 5.3.6 (see also Proposition 5.4.1). The case n “ 0 is treated
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similarly, following Construction 5.3.6, by first forming the homotopy pull-
back
E‚ //
q

cC
i

cC
i // cιCpMq.
There are zigzags of natural weak equivalences connecting the composite functors
F ˝ G and G ˝ F to the respective identity functors. These are defined by using
the properties of homotopy pushouts and homotopy pullbacks and by applying the
skeleton functors. Thus, this pair of functors induces a pair of inverse homotopy
equivalences between the classifying spaces as required. 
As a consequence, we have the following
Corollary 5.3.8. Let C P CA, M P VC, and n ě 0. Then there is a weak
equivalence
M
`
KCpM,nq։ KpC, 0q
˘
» BAutCpMq.
In particular, the moduli spaces of structured K-objects are path-connected.
Since objects of type KCpM,nq are homotopically unique, we will denote by
KCpM,nq a choice of such an object, even though it will be non-canonical, whenever
we are only interested in the actual homotopy type.
Theorem 5.3.9. Let C P CA, M P VC, D P C{CA, and n, k ě 0. For every
structured pointed object of type KCpM,n` kq, there are isomorphisms
AQnCpD;Mq – π0map
der
cpC{CAq
`
KCpM,nq, cD
˘
– πkmap
der
cpC{CAq
`
KCpM,n` kq, cD
˘
.
Here mapderp´,´q denotes the derived mapping space.
Proof. Without loss of generality, we may choose ιCpΩ
n`kpcMqq to be the model
for an object of type KCpM,n ` kq. Then the result follows from (5.3.1). We
note that in general the mapping space is given a (non-canonical) basepoint by the
structure map of KCpM,n` kq to an object of type KpC, 0q. 
5.4. Postnikov decompositions. The skeletal filtration of a cosimplicial unstable
coalgebra is formally analogous to the Postnikov tower of a space. In this subsection,
we prove that this filtration is principal, i.e. it is defined in terms of attaching maps.
This is the analogue of the “difference construction” from [8, Proposition 6.3]. It
is a consequence of the following proposition, which is an immediate application of
Theorem 4.6.5.
Proposition 5.4.1. Let f : A‚ Ñ C‚ be an n-connected map in cCAE , n ě 1,
and let C “ π0pC‚q. Let D‚ denote the homotopy cofiber of f and M “ πnpD‚q.
Consider the homotopy pullback square
E‚

// A‚
f

sk1pC
‚q // C‚.
Then:
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(a) M is a C-comodule and skn`2pE
‚q together with the canonical map
skn`2pE
‚q Ñ sk1pC
‚q
define a structured object of type KCpM,n` 1q.
(b) If πsD‚ “ 0 for all s ą n, then the diagram
skn`2pE
‚q

// A‚
f

sk1pC
‚q // C‚
is a homotopy pushout.
As a consequence of Proposition 5.4.1, for every C‚ P cCAE , the skeletal filtration
sk1pC
‚q Ñ sk2pC
‚q Ñ ¨ ¨ ¨ Ñ sknpC
‚q Ñ ¨ ¨ ¨ Ñ C‚
is defined by homotopy pushouts as follows
KCpM,n` 1q
wn //

sknpC
‚q

KpC, 0q // skn`1pC‚q,
where C “ π0pC‚q, M “ πnpC‚q, and the collection of maps wn may be regarded
as analogues of the Postnikov k-invariants in this context.
The next proposition reformulates and generalizes Proposition 5.4.1 in terms of
moduli spaces. For C‚ P cCAE such that sknpC
‚q » C‚, for some n ě 1, and M a
coabelian π0pC‚q-comodule, let
WpC‚ ` pM,nqq
be the category with objects cosimplicial unstable coalgebras D‚ such that:
(i) skn`1pD
‚q » D‚,
(ii) sknpD
‚q is weakly equivalent to C‚,
(iii) πnpD‚q is isomorphic to M as comodules.
The morphisms are given by weak equivalences of cosimplicial unstable coalgebras.
The classifying space of this category, denoted by
MpC‚ ` pM,nqq,
is the moduli space of pn` 1q-skeletal extensions of the n-skeletal object C‚ by the
π0pC‚q-comodule M .
We define
W
`
KpC, 0qև KCpM,n` 1q
1´con
ù C‚
˘
to be the category whose objects are diagrams T Ð U Ñ V in cCA such that
U Ñ T is a structured object of type KCpM,n` 1q, V is E-equivalent to C
‚, and
U Ñ V is cosimplicially 1-connected. The morphisms are weak equivalences of
diagrams. Then we define
M
`
KpC, 0qև KCpM,n` 1q
1´con
ù C‚
˘
as the classifying space of this category. Constructions of such moduli spaces are
also discussed in Subsection C.3.
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Proposition 5.4.2. Let n ě 1 and suppose that C‚ is an object of cCAE such that
skn C
‚ »ÝÑ C‚. Let M be an object of VC where C “ π0pC‚q. Then there is a
natural weak equivalence
M
`
C‚ ` pM,nq
˘
»M
`
KpC, 0qև KCpM,n` 1q
1´con
ù C‚
˘
.
Proof. There is a pair of functors
F : W
`
KpC, 0qև KCpM,n` 1q
1´con
ù C‚
˘
Õ W
`
C‚ ` pM,nq
˘
:G,
where:
(i) F is defined to be the homotopy pushout of the diagram. This homotopy
pushout is in WpC‚`pM,nqq using the long exact sequence of cohomotopy
groups (cf. Proposition 3.1.8).
(ii) Given an object D‚ PWpC‚ ` pM,nqq, form the homotopy pullback
skn`2pE
‚q
i // E‚

// sknpD‚q

sk1pD
‚q // D‚.
The functor G sends D‚ to the diagram
sk1pD
‚q Ð skn`2pE
‚q Ñ sknpD
‚q
which, by Proposition 5.4.1, is a diagram of the required type.
The composites F ˝G and G˝F are connected to the respective identity functors via
zigzags of natural weak equivalences. These are defined by using the properties of
homotopy pushouts and homotopy pullbacks and by applying the skeleton functors.
Hence these functors induce a pair of inverse homotopy equivalences, as required.

5.5. An extension of Proposition 5.4.1. We discuss a generalization of Propo-
sition 5.4.1 to the case of maps which are 0-connected but do not necessarily induce
isomorphisms on π0. This subsection will not be used in the rest of the paper.
Recall that CoalgVec denotes the category of cocommutative, counital graded
coalgebras over F, that is, the category of coalgebras in Vec with respect to the
graded tensor product.
Definition 5.5.1. Let K ֌ C ֋ L be inclusions of coalgebras in CoalgVec. We
obtain a pushout of C-comodules
C //

C{K
 ''PP
PPP
PPP
PPP
P
++❳❳❳❳
❳❳❳❳❳
❳❳❳❳❳
❳❳❳❳❳
❳❳❳❳❳
❳❳❳
C{L //
22 44
C{pK ‘ Lq
φ // C{K ✷C C{L // C{K b C{L,
where the C-comodule structures and the outer maps are defined by the comulti-
plication of C. Thus we obtain a canonical dotted arrow
φ : C{pK ‘ Lq Ñ C{K ✷C C{L
in Vec. Then we define:
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(a) C{K ˚C C{L to be the kernel of φ.
(b) C{K ˝C C{L to be the image of φ.
Remark 5.5.2. The construction of C{K ˚CC{L is dual to the construction which
associates to two ideals I,J in a commutative ring R the quotient pIXJq{pIJq. The
constructions C{pK ‘ Lq and C{K ˝C C{L are dual to I X J and IJ respectively.
Theorem 5.5.3. Let f : A‚ Ñ C‚ be an n-connected map in cCAE , n ě 0. Suppose
that L is an unstable coalgebra and g : KpL, 0q Ñ B‚ a 0-connected map. Consider
the homotopy pullback diagram
E‚

// A‚
f

KpL, 0q
g // C‚.
We denote the bigraded coalgebras
A
˚ :“ π˚pA‚q and C˚ :“ π˚pC‚q
in order to simplify the notation. Then:
(a) The object skn`2E
‚ is of type KDpN,n` 1q, where
(i) the unstable coalgebra D is isomorphic to A0 ✷C0 L.
(ii) the D-comodule N fits into a short exact sequence as follows,
0Ñ pC{L ˚C C{Aq
n Ñ N Ñ pL ✷C Aq
n`1 Ñ 0
If f induces a monomorphism in degree n` 1, then pL ✷C Aq
n`1 “ 0.
(b) If πspC‚q vanishes for s ą n, then the diagram
skn`2E
‚

// A‚
f

KpL, 0q
g // C‚
is a homotopy pushout.
A formula similar to (a) is obtained by Massey and Peterson in [42, Theorem
4.1]. For the proof of this theorem, we will need the following technical lemmas.
Lemma 5.5.4. Let B
g
ÝÑ C
f
ÐÝ A be a diagram in CoalgVec. Assume that
(a) B is concentrated in degree 0.
(b) f is an isomorphism in degrees ă n and a monomorphism in degree n.
Then CotorpCpB,Aqq “ 0 for all pairs pp, qq ‰ p1, nq with p` q ď n` 1 and p ą 0.
Proof. Recall that
CotorpCpB,Aqq “ HppB ✷C I
˚qq
for any injective C-resolution A
»
ÝÑ I˚ of A P ComodC . An injective C-resolution
I˚ of A can be given such that A Ñ I0 agrees with f in internal degrees q ď n.
Moreover, we can assume that the resolution has the property that pIpqq “ 0 for
0 ď q ă n and p ą 0. Then
pA ✷C I
pqq “ 0
for all pp, qq with p ą 0 and 0 ď q ă n and the assertion follows. 
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Lemma 5.5.5. Let K ֌ C ֋ L be inclusions of coalgebras (ungraded, graded or
bigraded). Then there is an isomorphism
Cotor1CpK,Lq – pC{K ˚C C{Lq.
Proof. Applying the functor ´✷C L to the short exact sequence of C-comodules:
0Ñ K Ñ C Ñ C{K Ñ 0
we obtain an exact sequence
0Ñ K X LÑ LÑ C{K ✷C LÑ Cotor
1
CpK,Lq Ñ 0.
On the other hand, applying the functor ´✷C pC{Kq to the sequence,
0Ñ LÑ C Ñ C{LÑ 0,
we get an exact sequence as follows,
0Ñ L ✷C pC{Kq Ñ C{K Ñ pC{Lq ✷C pC{Kq Ñ ¨ ¨ ¨
Note then that
pC{Kq ˚C pC{Kq :“ ker
“
pC{K ‘ Lq Ñ pC{Kq b pC{Lq
‰
is the image of the composition
L ✷C pC{Kq Ñ C{K Ñ pC{K ‘ Lq
This shows that pC{Kq ˚C pC{Lq fits in a short exact sequence
0Ñ pL{K X Lq Ñ L ✷C pC{Kq Ñ pC{Kq ˚C pC{Lq Ñ 0
and the claim follows. 
Remark 5.5.6. Lemma 5.5.5 above is the (graded) dual of the well known formula
Tor1RpI, Jq – pI X Jq{pIJq,
where I and J are ideals in a commutative ring R.
Proof of Theorem 5.5.3. We use the spectral sequence (b) from Theorem 4.5.1
for the computation of πspE‚q when s ď n`1. The identification of π0pE‚q is then
immediate. As a consequence of (a bigraded variant of) Lemma 5.5.4, we have
Cotorp
C
pL,Aqq “ 0,
as a graded vector space, for all pp, qq ‰ p1, nq with p` q ď n` 1 and p ą 0. This
implies that πspE‚q is trivial for all 0 ă s ă n ` 1. Since the cotensor product is
left exact, there is a monomorphism of graded vector spaces,
pL ✷C Aq
q
֌ pL ✷C Cq
q
for all q ď n. The map is also injective for q “ n ` 1 if πn`1pfq is injective. But
pL ✷C Cq
q “ 0 for all q ą 0, and consequently,
pL ✷C Aq
q “ 0
for all 0 ă q ď n, because L is concentrated in degree 0. By Lemma 5.5.5, we have
an isomorphism
Cotor1
C
pL,Aqn – pC{L ˚C C{Aq
n
This graded vector space and pL ✷C Aq
n`1 are the only potentially non-trivial
objects of total degree n` 1 in the E2-page. Since there is no place for non-trivial
differentials in this degree, the proof of statement (a) is complete.
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Claim (b) follows from the long exact sequence of cohomotopy groups and the
Five Lemma. 
We list a few immediate consequences of Theorem 5.5.3. We will need a more
general notion of primitivity.
Definition 5.5.7. Let C P pF{CoalgVecq be a pointed graded coalgebra and N a
C-comodule. The sub-comodule PrimCpNq of the primitives under the C-coaction
is the kernel of the map
N
∆NÝÝÑ C bN Ñ pC{Fq bN.
This is the subset of elements n P N such that ∆N pnq “ 1b n.
Corollary 5.5.8. Consider the special case of Theorem 5.5.3 where:
‚ L “ F (therefore E‚ is the homotopy fiber of f at the chosen basepoint).
‚ πn`1pfq is injective.
Let M “ Cn{An as a C0-comodule where A and C are compatibly pointed. Then
there is an isomorphism
πn`1pE‚q – PrimC0pMq.
If M is a trivial C0-comodule, then there is an isomorphism πn`1pE‚q –M.
Proof. It suffices to note that pC0{F ˚C0 Mq – PrimC0pMq. 
Corollary 5.5.9. Let C P CA, M P VC and consider the homotopy pullback
E‚ //

cC

cC // cpιCpMqq
in cCAE , where C Ñ ιCpMq is the canonical inclusion. Then there is an isomor-
phism of C-comodules π1pE‚q –M.
Proof. Let D “ ιCpMq. It is enough to show that M ˚D M –M . We have
M ˚D M – ker tφ : M ÑM ✷D Mu.
The map M
φ
ÝÑM ✷D M ĂM bM can be factored as follows:
M

// M bM
D
∆D // D bD.
OO
This shows that the map is trivial by definition of ∆D on M . 
Corollary 5.5.10. Let C‚ be a pointed cosimplicial unstable coalgebra and n ě 1.
Then there is an isomorphism
πnpΩnC‚q – Primpπ0C‚q.
In particular, for a pointed unstable coalgebra C, there is an isomorphism
πnpΩncCq – PrimpCq.
Proof. Corollary 5.5.8 implies that π1pΩC‚q – Primpπ0pC‚qq. Then the result
follows by induction. 
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6. Cosimplicial spaces
In this section, we study the resolution model structure on cosimplicial spaces
with respect to the class of Eilenberg-MacLane space KpF, nq. The close connection
with the resolution model category cCAE , resulting from the representing property
of the Eilenberg-MacLane spaces, is used in order to apply the homotopy theory
developed in the previous sections to this model category of cosimplicial spaces.
In particular, we deduce a homotopy excision theorem for cosimplicial spaces from
the homotopy excision theorem for cosimplicial unstable coalgebras. This is used
in the construction of Postnikov decompositions of cosimplicial spaces which will
be important for our obstruction theory in the next section.
The resolution model category of cosimplicial spaces is introduced in Subsection
6.1 and some basic facts on the comparison with the model category of cosimplicial
unstable coalgebras are discussed. In Subsection 6.2, using the Ku¨nneth theorem,
we prove that the homology functor from cosimplicial spaces to cosimplicial unsta-
ble coalgebras preserves homotopy pullbacks and deduce from this the homotopy
excision theorem for cosimplicial spaces (Theorem 6.2.6).
In Subsection 6.3, we define and construct the objects of type LCpM,nq which
are analogues of the twisted Eilenberg-MacLane spaces in the context of cosimplicial
spaces with respect to the natural homotopy groups. These are closely related to the
objects of type KCpM,nq as we show in Proposition 6.3.10. In the final Subsection
6.4, we discuss the properties of the Postnikov decompositions of cosimplicial spaces
that arise from the skeletal filtration. Lastly, we identify the moduli space of
extensions of a cosimplicial space by attaching an L-object in terms of the moduli
space of extensions of the associated cosimplicial unstable coalgebra by attaching
a K-object (Theorem 6.4.3).
Notation 6.0.1. Let skcnp´q : cS Ñ cS denote the derived skeleton functor defined
as the skeleton of a functorial Reedy cofibrant replacement.
6.1. Cosimplicial resolutions of spaces. Let S be the usual model category of
simplicial sets and let F be any prime field. Consider
G “ tKpF,mq |m ě 0u
as a set of homotopy (abelian) group objects for the category S. Recall thatKpF,mq
denotes a (fibrant) Eilenberg-MacLane space with only non-trivial homotopy group
F in degree m and that E “ H˚pGq, where E was defined in (4.3.1).
A map f : X Ñ Y in HopSq is G-monic if and only if the induced map on F-
cohomology is surjective or the induced map H˚pfq : H˚X Ñ H˚Y is injective.
Recall that an F-GEM is a product of spaces of type KpF,mq for possibly various
values of m. Every F-GEM is G-injective.
Lemma 6.1.1. A fibrant X P S is G-injective if and only if it is a retract of a fibrant
space weakly equivalent to an F-GEM. If a fibration f : X Ñ Y is G-injective, then
the induced map H˚pfq : H˚X Ñ H˚Y is E-injective.
Proof. G-injectives are closed under retracts and weak equivalences, so the if part
is immediate. There is a canonical G-monic map (cf. [14, 4.5])
X Ñ
ź
mě0
ź
XÑKpF,mq
KpF,mq
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which we can functorially factor as the composition of a G-monic cofibration i : X ãÑ
ZX followed by a trivial fibration. In particular, ZX is again fibrant. If X is G-
injective and fibrant, then the square
X
i

X

ZX // ˚
admits a lift, which means that X is a retract of ZX . This shows the only if part
of the first statement. The second statement then follows from the fact that every
G-injective fibration f : X Ñ Y is a retract of a fibration of the form (see [14,
Lemma 3.10])
E
»
։ Y ˆG
π1
։ Y,
where G is weakly equivalent to an F-GEM, and the Ku¨nneth isomorphism. 
Note that there are enough G-injectives in the sense of Section 2. We will consider
the G-resolution model structure on cosimplicial spaces in the sense of Section 2.
The following theorem is a direct application of Theorem 2.2.2.
Theorem 6.1.2. There is a proper simplicial model category cSG where the un-
derlying category is the category of cosimplicial spaces, the weak equivalences are
the G-equivalences, the cofibrations are the G-cofibrations and the fibrations are the
G-fibrations.
Proof. Apart from the right properness, this is an application of Theorem 2.2.2.
Right properness will be shown in Corollary 6.2.5. 
As a consequence of the representing property (4.2.4), we have the following
characterizations of G-equivalences and n-connected maps in cSG (see also Lemma
3.4.2.)
Proposition 6.1.3. A map of cosimplicial spaces f : X‚ Ñ Y ‚ is a G-equivalence if
and only if H˚pfq : H˚pX
‚q Ñ H˚pY
‚q is an E-equivalence of cosimplicial unstable
coalgebras. Moreover, f is n-connected in cSG if and only if the induced map H˚pfq
is n-connected in cCAE .
In particular, the functor H˚ descends to a functor
H˚ : HopcS
Gq Ñ HopcCAEq
which also preserves finite products as a consequence of Theorem 4.2.1. Also im-
mediate is the following characterization of G-cofibrations.
Proposition 6.1.4. A map of cosimplicial spaces f : X‚ Ñ Y ‚ is a G-cofibration
if and only if it is a Reedy cofibration and the map H˚pfq : H˚pX
‚q Ñ H˚pY
‚q is
an E-cofibration.
These observations provide some evidence for the utility of this model category in
our realization problem. First, the weak equivalences are designed so that they are
actually detected in cCAE while at the same time a map of constant cosimplicial
spaces cX Ñ cY is a G-equivalence if and only if the underlying map of spaces
X Ñ Y is a homology equivalence. Second, the G-equivalences are detected on the
E2-page of the homology spectral sequence of a cosimplicial space (see [15] and [12])
E2s,t “ π
sHtpX
‚q ùñ Ht´spTotX
‚q.
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Thus, assuming convergence of the latter, we retain control of the properties of the
resulting objects after totalization.
Remark 6.1.5. There is monad F : S Ñ S that sends an unpointed simplicial set
X to the simplicial F-vector space FrXs generated by X . It is closely related to
the Bousfield-Kan monad [15, Section 2.1] on pointed simplicial sets; in fact, they
become the same if one equips X with a disjoint basepoint. This monad yields
weak resolutions in cSG in the sense of [14] (see [14, Section 7]), cf. Remark 2.3.5.
Proposition 6.1.6. The homology functor H˚ : cS
G Ñ cCAE preserves the cofibers
of 0-connected G-cofibrations, that is, when the induced map on π0H˚p´q is injec-
tive.
Proof. Let i : X‚ ãÑ Y ‚ be a 0-connected G-cofibration and let Z‚ be its cofiber.
The induced map H˚piq : H˚pX
‚q Ñ H˚pY
‚q is an E-cofibration and we denote
its cofiber by C‚. We show that the canonical map q : C‚ Ñ H˚pZ
‚q is an iso-
morphism. Note that HompC‚, H˚KpF,mqq fits into a pullback square of simplicial
groups
HompC‚, H˚KpF,mqq //

HompH˚Y
‚, H˚KpF,mqq
H˚piq
˚

HompcF, H˚KpF,mqq // HompH˚X‚, H˚KpF,mqq.
for all m ě 0. Since i is a G-cofibration, the right hand vertical map is a Kan
fibration and the square is also a homotopy pullback. By (4.2.4), H˚piq
˚ can be
identified with the fibration of simplicial groups
i˚ : rY ‚,KpF,mqs Ñ rX‚,KpF,mqs.
Since i is 0-connected, the map i˚ is a π0-surjective Kan fibration and, hence,
surjective. Thus, for all k,m ě 0, there are short exact sequences
0Ñ H˜mpZkq Ñ HmpY kq Ñ HmpXkq Ñ 0.
Applying (4.2.4) again, we conclude that the following is also a pullback square of
simplicial groups
Hom
`
H˚pZ
‚q, H˚pKpF,mqq
˘
//

Hom
`
H˚pY
‚q, H˚pKpF,mqq
˘
H˚piq
˚

Hom
`
cF, H˚pKpF,mqq
˘
// Hom
`
H˚pX
‚q, H˚pKpF,mqq
˘
.
So the map q : C‚ Ñ H˚pZ
‚q induces natural isomorphisms
HompC‚, H˚KpF,mqq – HompH˚pZ
‚q, H˚KpF,mqq
which implies that q an isomorphism by Proposition 4.2.5. 
More generally, we have the following statement about preservation of homotopy
pushouts. Homotopy n-cocartesian squares were defined in 4.6.1.
Proposition 6.1.7. Let
X‚

i // Y ‚

W ‚ // Z‚
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be a homotopy n-cocartesian square in cSG where the map i is 0-connected. Then
the square
H˚pX
‚q
H˚piq //

H˚pY
‚q

H˚pW
‚q // H˚pZ‚q
is homotopy n-cocartesian in cCAE .
Proof. We may assume that i is a G-cofibration and consider the (homotopy)
pushout
X‚

i // Y ‚

W ‚ // P ‚.
Let P ‚ Ñ Z‚ be the canonical map, which is n-connected by assumption. Then
the induced map H˚pP
‚q Ñ H˚pZ
‚q is n-connected. Let C‚ be the (homotopy)
pushout of the maps
(6.1.8) H˚pY
‚q Ð H˚pX
‚q Ñ H˚pW
‚q
and C‚ Ñ H˚pP
‚q the canonical map. Consider the diagram
X‚

i // Y ‚

// Q‚1
»

W ‚
i1 // P ‚ // Q‚2 ,
where the horizontal sequences are (homotopy) cofiber sequences and so the right
hand side vertical map is a G-equivalence. The map i1 is again 0-connected and
hence by Proposition 6.1.6, the sequence of maps
H˚pW
‚q Ñ H˚pP
‚q Ñ H˚pQ
‚
2q
is a (homotopy) cofiber sequence in cCAE . Now consider the following diagram
H˚pW
‚q // C‚

// H˚pQ‚1q
»

H˚pW
‚q
i1 // H˚pP ‚q // H˚pQ‚2q ,
where C‚ is the pushout of (6.1.8), the top sequence is a (homotopy) cofiber se-
quence by Proposition 6.1.6, and the right vertical map is an E-equivalence. It
follows that C‚ Ñ H˚pP
‚q is an E-equivalence. Since H˚pP
‚q Ñ H˚pZ
‚q is n-
connected, it follows that C‚ Ñ H˚pZ
‚q is also n-connected, as required. 
6.2. Consequences of the Ku¨nneth theorem. In this subsection, we prove that
the homology functor H˚ preserves homotopy pullbacks as an application of the
Ku¨nneth theorem (Proposition 6.2.4). An important consequence of this fact is the
homotopy excision theorem for cosimplicial spaces (Theorem 6.2.6).
The following lemma shows that H˚ preserves cotensors with a finite simplicial
set. It generalizes Theorem 4.2.1.
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Lemma 6.2.1. Let K be a finite simplicial set and X‚ in cS. Then there is a
natural isomorphism
H˚
`
hompK,X‚q
˘
– hom
`
K,H˚pX
‚q
˘
.
Proof. There is a natural isomorphism in each cosimplicial degree s ě 0:
H˚
`
hompK,X‚qs
˘
“ H˚
´ź
Ks
Xs
¯
–
â
Ks
H˚pX
sq “ hom
`
K,H˚pX
‚q
˘s
.
These isomorphisms are clearly compatible with the cosimplicial structure maps.

Proposition 6.2.2. The functor H˚ : cS
G Ñ cCAE sends a G-cofree map on
pGsqsě0 to an E-cofree map on pH˚Gsqsě0 with the induced co-attaching maps.
Moreover, H˚ sends pullbacks along G-cofree maps to pullbacks.
Proof. Let f : X‚ Ñ Y ‚ in cS be a G-cofree map on G-injectives pGsqsě0. By
Proposition 2.3.3, there is a pullback diagram in cS for each s ě 0,
coskspfq //

homp∆s, cGsq

cosks´1pfq // hompB∆s, cGsq.
For every cosimplicial degree k ě 0, we have isomorphisms
homp∆s, Gsq
k –
ź
pB∆sqk
Gs ˆ
ź
k։s
Gs
and the right vertical map is given by the projection onto the first factor. Hence, for
every cosimplicial degree k ě 0, the left vertical map is isomorphic to the projection
cosks´1pfq
k ˆ
ź
k։s
Gs Ñ cosks´1pfq
k.
By Lemma 6.2.1, we conclude that the following square
H˚pcoskspfqq //

homp∆s, cH˚Gsq

H˚pcosks´1pfqq // hompB∆s, cH˚Gsq
is a pullback diagram in cCA. Then H˚pcoskspfqq – coskspH˚pfqq and the map
H˚pfq : H˚pX
‚q Ñ H˚pY
‚q is E-cofree as required. The second claim is similar. 
Corollary 6.2.3. The homology functor H˚ : cS
G Ñ cCAE sends quasi-G-cofree
maps to E-cofree maps and G-fibrations to E-fibrations. Moreover, H˚ sends pull-
backs along a quasi-G-cofree Reedy fibration to pullbacks.
Proof. Let f : X‚ Ñ Y ‚ be a quasi-G-cofree map. Then there are G-injective
objects pGsqsě0 and diagrams
coskspfq
» //
γs´1pfq &&▼▼
▼▼▼
▼▼▼
▼▼
P ‚ //

homp∆s, cGsq

cosks´1pfq // hompB∆s, cGsq,
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where the square is a pullback, and thus also Reedy homotopy pullback, and the
map indicated by » is a Reedy equivalence. Applying H˚ gives a diagram
H˚pcoskspfqq
– //
H˚pγs´1pfqq ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
H˚pP
‚q //

homp∆s, cH˚pGsqq

H˚pcosks´1pfqq // hompB∆s, cH˚pGsqq,
where the square is a pullback by Proposition 6.2.2 and the indicated map is an
isomorphism. It follows that H˚pfq is E-cofree. If f : X
‚ Ñ Y ‚ is a G-fibration,
then by Proposition 2.3.12, f is a retract of a quasi-G-cofree map and the second
claim follows.
For the final claim, consider a pullback square
E‚ //
f 1

X‚
f

Z‚ // Y ‚,
where f is a quasi-G-cofree Reedy fibration. Then there are G-injective objects
pGsqsě0 and diagrams
coskspf
1q
❂
❂
❂
❂
❂
❂
❂
❂
❂
//
»
&&◆◆
◆◆◆
◆◆◆
◆◆◆
◆
coskspfq
❁
❁
❁
❁
❁
❁
❁
❁
❁
»
&&▼▼
▼▼▼
▼▼▼
▼▼▼
▼
))
Q‚ //

P ‚ //

homp∆s, cGsq

cosks´1pf
1q // cosks´1pfq // hompB∆s, cGsq,
where the two front squares and the back square are pullbacks by the definition
of Q‚. The map coskspfq Ñ cosks´1pfq is a Reedy fibration, which shows that
the back square is a Reedy homotopy pullback. Since the front square is also a
Reedy homotopy pullback, it follows that the top square is again a Reedy homotopy
pullback. This implies that the top left map is a Reedy equivalence. Applying the
homology functor H˚, these Reedy equivalences become isomorphisms in cCA
E .
Then the result follows from Lemma 6.2.2. 
Proposition 6.2.4. The homology functor H˚ : cS
G Ñ cCAE preserves homotopy
pullbacks.
Proof. By Proposition 2.3.11, any homotopy pullback in the G-resolution model
structure can be replaced up to G-equivalence by a strict pullback diagram where
the right hand vertical map is a quasi-G-cofree Reedy fibration. Since H˚ sends
G-equivalences to E-equivalences, the result follows from Proposition 6.2.3. 
Corollary 6.2.5. The model category cSG is right proper.
Proof. By Corollary 2.3.12, it suffices to show that the pullback of a G-equivalence
along a quasi-G-cofree Reedy fibration is again a G-equivalence. This follows from
Corollary 6.2.3 and Corollary 4.5.5. 
From Propositions 6.1.7 and 6.2.4 we also obtain the analogue of Theorem 4.6.5.
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Theorem 6.2.6 (Homotopy excision for cosimplicial spaces). Let
E‚

// X‚
f

Y ‚
g // Z‚
be a homotopy pullback square in cSG where f is m-connected and g is n-connected
for m,n ě 0. Then the square is homotopy pm` nq-cocartesian.
Proof. Let W ‚ be the homotopy pushout of the diagram
Y ‚ Ð E‚ Ñ X‚
and W ‚ Ñ Z‚ the canonical map. We need to show that the induced map
H˚pW
‚q Ñ H˚pZ
‚q is pm`nq-connected. By Proposition 6.2.4, the induced square
H˚pE
‚q //

H˚pX
‚q
H˚pfq

H˚pY
‚q
H˚pgq // H˚pZ‚q
is a homotopy pullback. The homotopy excision theorem for cosimplicial unsta-
ble coalgebras (Theorem 4.6.5) shows that the square is also homotopy pm ` nq-
cocartesian. The same theorem (or Lemma 4.6.3) shows also that H˚pE
‚q Ñ
H˚pX
‚q is n-connected and H˚pE
‚q Ñ H˚pY
‚q is m-connected. Then, by Propo-
sition 6.1.7, H˚pW q is the homotopy pushout of
H˚pY
‚q Ð H˚pE
‚q Ñ H˚pXq,
and therefore the canonical map H˚pW
‚q Ñ H˚pZ
‚q is pm` nq-connected. 
An important consequence of homotopy excision is the following version of the
Freudenthal suspension theorem for the G-resolution model category of cosimplicial
spaces. In the following statements, Σc and Ωf denote the derived suspension and
loop functors on the homotopy category HopcMG˚q of pointed cosimplicial spaces.
Corollary 6.2.7. Let X‚ be a pointed cosimplicial space which is cosimplicially
n-connected, i.e. πsHtpX
‚q “ 0 for 0 ă s ă n, π0H0pX
‚q “ F, and π0HtpX
‚q “ 0
for all t ą 0. Then the canonical map
ΣcΩf pX
‚q Ñ X‚
is 2n-connected.
In particular, we have
Corollary 6.2.8. Let X‚ be as above and assume in addition that πsH˚pX
‚q “ 0
for s ą 2n´ 1. Then the canonical map
Σc sk
c
2n`1Ωf pX
‚q Ñ X‚
is a G-equivalence. In particular, X‚ admits a desuspension in cSG .
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6.3. Objects of type LCpM,nq. In this subsection we define and construct objects
of type LCpM,nq in cS
G . They are formal analogues of the twisted Eilenberg-
MacLane spaces in the setting of this resolution model category. These objects are
closely related to the objects of type KCpM,nq. This relationship is a central fact
that will allow the ‘algebraization’ of our obstruction theory.
Recall the general notion of an Hun-algebra as defined in Subsection 3.2. In
our context, this structure is equivalent to the structure of an unstable algebra
(Theorem B.3.3).
Definition 6.3.1. Let C be an object of CA. An object X‚ in cSG is said to be of
type LpC, 0q if there are isomorphisms of Hun-algebras and H-algebras respectively,
π6spX
‚, Gq –
"
HomCApC,H˚Gq s “ 0
0 otherwise.
Definition 6.3.2. Let C P CA, M P VC, and n ě 1. An object X‚ in cSG is said
to be of type LCpM,nq if the following are satisfied:
(a) there are isomorphisms
π6spX
‚, Gq –
$&% HomCApC,H˚Gq s “ 0HomC{CApιCpMq, H˚Gq s “ n
0 otherwise
where H˚G is viewed as an object under C with respect to the map
C
ǫ
ÝÑ FÑ H˚G.
The first isomorphism is required to be an isomorphism of Hun-algebras.
The second one has to be an isomorphism of π0-modules which are defined
in 3.2.5 and made explicit in Subsection B.3..
(b) there is a map η : X‚ Ñ X‚0 to an object of type LpC, 0q such that the
composite map skc1X
‚ Ñ X‚ Ñ X‚0 is a G-equivalence.
A structured object of type LCpM,nq is a pair pX
‚, ηq where X‚ is an object of
type LCpM,nq and η : X
‚ Ñ X‚0 is a map as in (b) above.
We have the following equivalent characterization for an object of type LCpM,nq.
We will make use of the internal shift functorM ÞÑM r1s which was defined in 5.1.3.
Recall that skcnp´q denotes the derived skeleton functor.
Lemma 6.3.3. Let C P CA, M P VC, and n ě 1. For a cosimplicial space
X‚ P cSG , the following statements are equivalent:
(1) X‚ is of type LCpM,nq.
(2) X‚ is pn` 1q-skeletal, i.e. skcn`1pX
‚q » X‚, and
(a) there are isomorphisms
πsH˚pX
‚q –
$’’’’&’’’’%
C s “ 0
Cr1s s “ 2
M s “ n
M r1s s “ n` 2
0 otherwise.
(if n ‰ 2, otherwise modify accordingly) where the first is an iso-
morphism of unstable coalgebras and the others are isomorphisms of
C-comodules.
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(b) as above.
Proof. The equivalence of the two statements is an easy consequence of the spiral
exact sequence once one recalls the following facts. First, in Appendix B, it is ex-
plained that an Hun-algebra can be identified with an unstable algebra. Moreover,
the π0-module structure translates into the usual π0H
˚pX‚q-action on πsH
˚pX‚q.
Secondly, since we work over a field F the setting dualizes nicely to unstable coal-
gebras and comodules. 
We will often make use of the following key observation.
Proposition 6.3.4. Let C P CA,M P VC, and n ě 1. Suppose X‚ is a cosimplicial
space such that
(a) there are isomorphisms
πsH˚pX
‚q –
$’’&’’%
C s “ 0
Cr1s s “ 2
M s “ n
0 0 ă s ă n , s ‰ 2
(if n ‰ 2, otherwise modify accordingly), where the first is an isomorphism
of unstable coalgebras and the others are isomorphisms of C-comodules.
(b) as above.
Then skcn`1pX
‚q is an object of type LCpM,nq.
Proof. Passing to the degreewise F-vector space duals p´qv, we obtain from (a)
isomorphisms between the terms πsH
˚pX‚q and the corresponding duals on the
right side for 0 ď s ď n. We consider the spiral exact sequence for skcn`1pX
‚q whose
natural homotopy groups vanish above dimension n. This forces an isomorphism`
tπn`2H
mpskcn`1pX
‚qqumě0
˘
–
`
tπ6npX
‚,KpF,m´ 1qqumě0
˘
v
–M r1s
as C-comodules. Here the middle term is a C-comodule by Proposition B.3.7. By
the same lemma, the left side has the usual C – π0H
˚pX‚q-comodule structure.
So we have checked condition (2) from Lemma 6.3.3. 
Similarly toK-objects, it will also be convenient to allow objects of type LCpM,nq
for n “ 0.
Definition 6.3.5. Let C P CA and M P VC. An object of type LCpM, 0q is
simply an object of type LpιCpMq, 0q. A structured object of type LCpM, 0q is a
pair pX‚, ηq where X‚ is an object of type LCpM, 0q and η : X
‚ Ñ X‚0 is a map to
an object of type LpC, 0q which induces up to isomorphism the natural projection
ιCpMq Ñ C on π
0H˚-groups.
We now show how to construct objects of type LCpM,nq.
Construction 6.3.6. Let C P CA. We first construct an object of type LpC, 0q.
The start of a cofree resolution of C gives a pullback square (in Vec - but the maps
are in CA)
C //

I0
d0

I0
d1 // I1.
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There exist F-GEMs G0 and G1 and maps d10, d
1
1 : G
0 Ñ G1 such that dj “ H˚pd
1
jq.
Consider the homotopy pullback square in cSG
X‚ //

cG0

cG0 // cG1
By Proposition 6.2.4 and Theorem 4.6.5, the induced square after applying H˚ is
homotopy 1-cartesian in cVec. This means that π0H˚pX
‚q is isomorphic to C and
the isomorphism is induced by a canonical map cC Ñ H˚pX
‚q in HopcCAEq. It
follows that skc1X
‚ is of type LpC, 0q.
Construction 6.3.7. Let C P CA and M P VC. We give a construction of an
object of type LCpM, 1q. Consider a homotopy pullback square as follows:
E‚ //

LpC, 0q

LpC, 0q // LpιCpMq, 0q
where the indicated L-objects are given by the construction above. We claim that
sk2H˚pE
‚q is an object of type KCpM, 1q. In fact, this requires a little bit more
than what is immediately deducible from the homotopy excision theorem because
the latter only shows that π1H˚pE
‚q injects into M . However, there is a map of
squares from the square below (cf. Construction 5.3.6):
KCpM, 1q //

KpC, 0q

KpC, 0q // KpιCpMq, 0q
to the square induced by the homotopy pullback above
sk2H˚pE
‚q //

H˚LpC, 0q

H˚LpC, 0q // H˚LpιCpMq, 0q
which implies that M is also a retract of π1H˚pE
‚q, thus proving the claim.
Now we claim that skc2pE
‚q is of type LCpM, 1q. The spiral exact sequence shows
the required isomorphism on π60p´,´q-groups. Moreover, there is an epimorphism
π
6
1psk
c
2E
‚, Gq Ñ π1rsk
c
2E
‚, Gs – HomC{CApιCpMq, H˚Gq.
The last isomorphism is a consequence of the spiral exact sequence and the fact
that skc2pE
‚q Ñ E‚ induces isomorphisms on the first two natural homotopy groups.
Thus it suffices to show that this epimorphism is actually an isomorphism. This
follows from the spiral exact sequence after we note that there is a commutative
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diagram
π
6
0pLpC, 0q,ΩGq
–

// π61pLpC, 0q, Gq “ 0

π
6
0psk
c
2E
‚,ΩGq // π61psk
c
2E
‚, Gq
which is induced by the map skc2E
‚ Ñ E‚ Ñ LpC, 0q and therefore the bottom
connecting map is trivial.
Construction 6.3.8. Let n ą 1, C P CA and M P VC. We give an inductive
construction of an object of type LCpM,nq. Let X
‚ be of type LCpM,n ´ 1q and
consider the homotopy pullback square
E‚ //

skc1pX
‚q

skc1pX
‚q // X‚
where skc1pX
‚q is an object of type LpC, 0q. Then, by Theorem 6.2.6, it follows
easily that skcn`1pE
‚q is an object of type LCpM,nq. We can always regard this as
structured by declaring one of the maps to skc1pX
‚q to be the structure map.
Remark 6.3.9. Let pX‚, η : X‚ Ñ X‚0 q be a structured object of type LCpM,nq
and n ą 0. Then the homotopy pushout of the maps
X‚0
η
Ð X‚
η
Ñ X‚0
is a structured object of type LCpM,n´ 1q.
It is a consequence of Proposition 6.3.13 below that structured objects of type
LCpM,nq are homotopically unique. To show this, we will compare objects of type
LCpM,nq with objects of type KCpM,nq.
We fix a cofibrant choice of an object of type LCpM,nq, denoted LCpM,nq.
Although H˚pLCpM,nqq is not an object of type KCpM,nq, we can extract such
an object as follows. Consider the homotopy pullback square:
D‚
j //

H˚pLCpM,nqq

sk1H˚pLpC, 0qq // H˚pLpC, 0qq
where the right hand side vertical map is the structure map and sk1H˚pLpC, 0qq
is an object of type KpC, 0q. Then, by the homotopy excision theorem (Theorem
4.6.5), we can conclude that skcn`1pD
‚q is a structured object of type KCpM,nq.
Set KCpM,nq :“ sk
c
n`1pD
‚q. There is a functor
φpX‚q : WcHom
`
LCpM,nq, X
‚
˘
ÑWcHom
`
KCpM,nq, H˚X
‚
˘
which is defined on objects by sending
LCpM,nq
f
ÝÑ U
»
ÐÝ X‚
to the object
KCpM,nq Ñ H˚pUq
»
ÐÝ H˚pX
‚q
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where the first map is canonically defined by j and f . See Remark C.2.5 for the
definition of WcHomp´,´q and its properties.
Proposition 6.3.10. The functor φpX‚q induces a weak equivalence of classifying
spaces.
Proof. We can always replace X‚ up to G-equivalence by a quasi-G-cofree object
using Proposition 2.3.11. So we may assume that X‚ is quasi-G-cofree. Since both
source and target of the map φpX‚q preserve homotopy pullbacks in X‚, we can
use inductively the decomposition in Definition 2.3.6, for the quasi-G-cofree map
X‚ Ñ ˚, in order to reduce the proof to the special case
X‚ “ homextpB∆s, cGq
for a fibrant G-injective object G. Using Proposition C.2.4 and Remark C.2.5, we
pass to the corresponding (derived) simplicial mapping spaces. We have
mapder
`
LCpM,nq, pcGq
B∆s
˘
» mapder
`
B∆s,mapderpLCpM,nq, cGq
˘
and
mapder
`
KCpM,nq, pcH˚Gq
B∆s
˘
» mapder
`
B∆s,mapderpKCpM,nq, cH˚Gq
˘
The map φppcGqB∆
s
q is homotopic to pφpcGqqB∆
s
. Therefore, it suffices to consider
only the case of φpcGq. Inspection shows that the maps on the two non-trivial
homotopy groups of these mapping spaces, π0 and πn, are the duals of the maps on
π0 and πn, respectively, induced by KCpM,nq Ñ D
‚ Ñ H˚pLCpM,nqq, thus they
are isomorphisms. 
We record an obvious variation of the weak equivalence φpX‚q for later use. Let
θ denote a property of maps in cCAH which is invariant under weak equivalences.
Examples of such properties are: (a) the map induces isomorphisms on certain
cohomotopy groups, or (b) that it is a weak equivalence (the latter appears later in
Section 7). Let
Wcθ
`
LCpM,nq, X
‚
˘
ĂWcHom
`
LCpM,nq, X
‚
˘
denote the full subcategory defined by objects f : LCpM,nq Ñ U » X
‚ such that
φpX‚qpfq : KCpM,nq Ñ H˚pUq » H˚pX
‚q
has property θ. Similarly let
W
c
θ
`
KCpM,nq, D
‚
˘
ĂWcHom
`
KCpM,nq, D
‚
˘
denote the full subcategory defined by maps u : KCpM,nq Ñ V » D
‚ which have
property θ. Note that each of these subcategories is a (possibly empty) union of
connected components of the corresponding categories. Then the following is an
immediate consequence of Proposition 6.3.10.
Proposition 6.3.11. Let θ be a property of maps in cCAH which is invariant under
weak equivalences. Then the functor φpX‚q restricts to a weak equivalence between
the classifying spaces of the subcategories associated with θ,
BWcθ
`
LCpM,nq, X
‚
˘ »
ÝÑ BWcθ
`
KCpM,nq, D
‚
˘
.
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Remark 6.3.12. Fix a structure map LCpM,nq Ñ LpC, 0q and a section up to
homotopy LpC, 0q Ñ LCpM,nq. Let Y
‚ be a cosimplicial space and LpC, 0q Ñ Y ‚ a
map in cSG . Using standard homotopical algebra arguments, it can be shown that
Proposition 6.3.10 extends to yield weak equivalences between mapping spaces in
the respective slice categories. That is, there are weak equivalences
mapderLpC,0q{cSG
`
LCpM,nq, Y
‚
˘ »
ÝÑ mapdercC{cCA
`
KCpM,nq, H˚pY
‚q
˘
.
In particular, it follows that the structured pointed object LCpM,nq represents
Andre´-Quillen cohomology in cosimplicial spaces by applying Theorem 5.3.9.
We now determine the homotopy type of the moduli space of structured objects
of type LCpM,nq:
M
`
LCpM,nq։ LpC, 0q
˘
.
The definition of this space is completely analogous to the corresponding moduli
space of K-objects, see Subsection 5.3. It is the classifying space of the category
W
`
LCpM,nq։ LpC, 0q
˘
whose objects are structured objects of type LCpM,nq:
X‚
η
ÝÑ X‚0
and morphisms are square diagrams as follows
X‚
η //
»

X‚0
»

Y ‚
η1 // Y ‚0
where the vertical arrows are weak equivalences in cSG .
Proposition 6.3.13. Let C P CA, M P VC, and n ě 0. Then:
(a) There is a weak equivalence MpLpC, 0qq » BAutpCq.
(b) There is a weak equivalence MpLCpM, 0q։ LpC, 0qq » BAutCpMq.
(c) There is a weak equivalence
M
`
LCpM,n` 1q։ LpC, 0q
˘
»M
`
LCpM,nq։ LpC, 0q
˘
.
Proof. (a) By Proposition 5.3.7, it suffices to show thatMpLpC, 0qq »MpKpC, 0qq.
We apply Proposition 6.3.10 and compare directly the spaces of homotopy auto-
morphisms of these two objects. By Proposition 6.3.10, we have a weak equivalence
mapder
`
LpC, 0q, LpC, 0q
˘
» mapder
`
KpC, 0q, H˚pLpC, 0qq
˘
.
There is a functor
F : WcHom
`
KpC, 0q, H˚pLpC, 0qq
˘
ÑWHom
`
KpC, 0q, sk2H˚pLpC, 0qq
˘
which takes a zigzag KpC, 0q Ñ U
»
ÐÝ H˚pLpC, 0qq to the zigzag
KpC, 0q
»
ÐÝ sk2pKpC, 0qq Ñ sk2 U
»
ÐÝ sk2H˚pLpC, 0qq
where the last object is of type KpC, 0q. It is easy to see that this functor defines a
homotopy inverse to the obvious map induced by sk2H˚pLpC, 0qq Ñ H˚pLpC, 0qq.
Then the result follows by passing to the appropriate components.
(b) Let
MAP։
`
LCpM, 0q, LpC, 0q
˘
and MAP։
`
KCpM, 0q,KpC, 0q
˘
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be the classifying spaces of the categories
W
c
։
`
LCpM, 0q, LpC, 0q
˘
and Wc
։
`
KCpM, 0q,KpC, 0q
˘
respectively, where։ denotes the property that the map induces up to isomorphism
the canonical projection on π0 (see Proposition 6.3.11). The results of Appendix C
(Theorem C.3.2) show that there is a homotopy fiber sequence
MAP։
`
LCpM, 0q, LpC, 0q
˘
//M
`
LCpM, 0q։ LpC, 0q
˘

M
`
LCpM, 0q
˘
ˆM
`
LpC, 0q
˘
The functor sk2H˚ defines a map from this homotopy fiber sequence to the associ-
ated homotopy fiber sequence of K-objects:
MAP։
`
KCpM, 0q,KpC, 0q
˘
//M
`
KCpM, 0q։ KpC, 0q
˘

M
`
KCpM, 0q
˘
ˆM
`
KpC, 0q
˘
which, by (a), is a weak equivalence on base spaces and fibers. The result then
follows from Proposition 5.3.7(b).
(c) Similarly to Proposition 5.3.7 using Theorem 6.2.6 (or Proposition 6.4.1 be-
low). 
As a consequence, we have the following
Corollary 6.3.14. Let C P CA, M P VC and n ě 0. Then there is a weak
equivalence
M
`
LCpM,nq։ LpC, 0q
˘
» BAutCpMq.
In particular, the moduli spaces of structured L-objects are path-connected.
6.4. Postnikov decompositions. Similarly to the case of unstable coalgebras, the
homotopy excision theorem for cosimplicial spaces shows that the skeletal filtration
of a cosimplicial space is principal, that is, the successive inclusions can be described
as homotopy pushouts of a certain type. This is a direct consequence of the following
proposition.
Proposition 6.4.1. Let f : X‚ Ñ Y ‚ be an n-connected map in cSG , n ě 1,
and C “ π0H˚pY
‚q. Let Z‚ be the homotopy cofiber of f and M “ πnpH˚pZ
‚qq.
Consider the homotopy pullback
E‚
f 1

// X‚
f

skc1pY
‚q // Y ‚
Then:
(a) M is naturally a C-comodule and the object skcn`2pE
‚q together with the
canonical map skcn`2pE
‚q Ñ skc1pY
‚q define a structured object of type
LCpM,n` 1q.
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(b) If π6sppZ
‚, ˚q, Gq vanishes for all s ‰ n, then the diagram
skcn`2pE
‚q

// X‚
f

skc1pY
‚q // Y ‚
is a homotopy pushout.
Proof. (a) This is a consequence of the homotopy excision theorems. The induced
square
H˚pE
‚q
H˚pf
1q

// H˚pX‚q
H˚pfq

H˚psk
c
1pY
‚qq // H˚pY ‚q
is a homotopy pullback by Proposition 6.2.4. Since f is n-connected, Theorem 4.6.5(a)
shows that f 1 is n-connected and πn`1H˚pE
‚q is isomorphic to M . It follows from
Lemma 6.3.3 and Proposition 6.3.4 that skcn`2pE
‚q is an object of type LCpM,n`1q.
Part (b) follows easily from the long exact sequence in Proposition 3.1.8. 
Similarly to the situation in cCAE in Subsection 5.4, it follows that for every
X‚ P cSG , the skeletal filtration
skc1pX
‚q Ñ skc2pX
‚q Ñ ¨ ¨ ¨ Ñ skcnpX
‚q Ñ ¨ ¨ ¨ Ñ X‚
is defined by homotopy pushouts as follows
LCpM,n` 1q
wn //

skcnpX
‚q

LpC, 0q // skcn`1pX
‚q
where C “ π0pH˚pX
‚qq and M identifies the n-th natural homotopy group of
X‚. The collection of maps wn may be regarded as analogues of the Postnikov
k-invariants in the context of the resolution model category cSG .
The next proposition reformulates and generalizes Proposition 6.4.1 in terms of
moduli spaces. It is analogous to Proposition 5.4.2. First we need to introduce
some new notation.
For n ě 1, let X‚ be a cosimplicial space such that the inclusion skcnpX
‚q
»
ÝÑ X‚
is a G-equivalence. Let C “ π0pH˚pX
‚qq and M be a coabelian C-comodule. Then
we define
WpX‚ ` pM,nqq
to be the category with objects cosimplicial spaces Y ‚ such that:
(i) Y ‚ is pn` 1q-skeletal, i.e., skcn`1pY
‚q » Y ‚,
(ii) the derived n-skeleton skcnpY
‚q is G-equivalent to X‚,
(iii) πnpH˚pY
‚qq is isomorphic to M as a C-comodule.
The morphisms are given by G-equivalences between cosimplicial spaces. The clas-
sifying space of this category, denoted by
MpX‚ ` pM,nqq,
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is the moduli space of pn` 1q-skeletal extensions of the n-skeletal object X‚ by the
comodule M .
We define
M
`
LpC, 0qև LCpM,n` 1q
1´con
ù X‚
˘
,
analogously to Proposition 5.4.2, as the classifying space of the category
W
`
LpC, 0qև LCpM,n` 1q
1´con
ù X‚
˘
.
This category has the following objects: diagrams T Ð U Ñ V in cSG such that
U Ñ T is a structured object of type LCpM,n ` 1q, V is G-equivalent to X
‚, and
U Ñ V is cosimplicially 1-connected. The morphisms are given by weak equiva-
lences between such diagrams. We refer to Subsection C.3 for some background
about these moduli spaces.
Proposition 6.4.2. Let n ě 1 and suppose that X‚ is an object of cSG such that
skcnX
‚ „Ñ X‚. Let M be an object of VC, where C “ π0H˚pX
‚q. Then there is a
natural weak equivalence
M
`
X‚ ` pM,nq
˘
»M
`
LpC, 0qև LCpM,n` 1q
1´con
ù X‚
˘
.
Proof. Similar to the proof of Proposition 5.4.2 using Proposition 6.4.1. 
The relationship between L- and K-objects can be further refined to show that
‘attachments’ of structured L-objects are determined ‘algebraically’ by the corre-
sponding ‘attachments’ of structured K-objects. This can be expressed elegantly
in terms of a homotopy pullback of the respective moduli spaces. See Appendix C
for the definition and properties of these moduli spaces of maps.
Theorem 6.4.3. Let X‚ P cSG , C P CA, and M P VC. Then there is a homotopy
pullback square for every n ě 0:
M
`
LpC, 0qև LCpM,nq
1´con
ù X‚
˘
//

M
`
KpC, 0qև KCpM,nq
1´con
ù H˚pX
‚q
˘

MpX‚q //MpH˚pX‚qq.
Proof. The top map is induced by a functor
W
`
LpC, 0qև LCpM,nq
1´con
ù X‚
˘
ÑW
`
KpC, 0qև KCpM,nq
1´con
ù H˚pX
‚q
˘
which is defined following the recipe for the definition of the functor φpX‚q and
Proposition 6.3.10. Consider the following factorization of the diagram
M
`
LpC, 0qև LCpM,nq
1´con
ù X‚
˘
//

M
`
KpC, 0qև KCpM,nq
1´con
ù H˚pX
‚q
˘

M
`
LpC, 0qև LCpM,nq
˘
ˆMpX‚q //

M
`
KpC, 0qև KCpM,nq
˘
ˆMpH˚pX
‚qq

MpX‚q //MpH˚pX‚qq.
It suffices to show that both squares are homotopy pullbacks. By Propositions 6.3.10
and 6.3.11 and Theorem C.3.2, the induced map between the homotopy fibers of
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the top pair of vertical maps is a weak equivalence. Since the spaces in the middle
are path-connected, the top square is a homotopy pullback. The bottom square is
a homotopy pullback because the map
M
`
LpC, 0qև LCpM,nq
˘ »
ÝÑM
`
KpC, 0qև KCpM,nq
˘
,
induced by φpX‚q, is a weak equivalence by previous results on the moduli spaces
of structured K- and L-objects (Proposition 5.3.7 and Proposition 6.3.13). 
Remark 6.4.4. Let
M
`
LpC, 0qև LCpM,nq ñ X
‚
˘
denote the moduli subspace of maps W Ð U
f
Ñ V , where U Ñ W is a structured
object of type LCpM,nq, V » X
‚, and φpV qpfq is a weak equivalence. Similarly,
let
M
`
KpC, 0qև KCpM,nq
„
ÝÑ C‚
˘
denote the moduli subspace of maps W Ð U
f
Ñ V , where U Ñ W is a struc-
tured object of type KCpM,nq, V » C
‚, and f is a weak equivalence. By Proposi-
tion 6.3.11, it follows that the corresponding statement where we replace the arrows
ù with arrows ñ in Theorem 6.4.3 is also true with the same proof.
7. Moduli spaces of topological realizations
In this section, we give a description of the moduli spaceMToppCq of topological
realizations of an unstable coalgebra C. This moduli space is a space whose set of
path components is the set of non-equivalent realizations, and the homotopy type
of each component is that of the homotopy automorphisms of the corresponding
realization. That is, MToppCq is homotopy equivalent toğ
X
BAuthpXq
where the disjoint union is indexed over spaces X with H˚pXq – C, one in each
equivalence class. The actual definition of MToppCq is given as a moduli space in
the sense of Appendix C. This point of view, due to Dwyer and Kan, is essential in
what follows. We emphasize that we work here with the Bousfield localization of
spaces at H˚p´,Fq-equivalences, and accordingly equivalence classes of realizations
are understood in this localized sense.
The description of the realization space MToppCq is given in terms of a tower of
moduli spaces of approximate realizations
M8pCq Ñ . . .ÑMnpCq ÑMn´1pCq Ñ . . .ÑM0pCq.
The precise meaning of this approximation is given by the notion of a potential
n-stage for C which will be explained in Subsection 7.1. This tower of moduli
spaces is determined recursively by the Andre´-Quillen cohomology spaces of C,
i.e. spaces whose homotopy groups are Andre´-Quillen cohomology groups of C.
The main results about the homotopy types of these moduli spaces are obtained in
Subsection 7.2. In Subsection 7.3, we discuss some variations of these moduli spaces
where the objects are also equipped with appropriate markings by isomorphisms.
Finally, in Subsection 7.4, we discuss how these results readily yield obstruction
theories for the existence and uniqueness of realizations in terms of the Andre´-
Quillen cohomology of the unstable coalgebra.
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The arguments of this section are heavily based on the homotopy excision theo-
rems of the previous sections. This means that we are going to make frequent use
of homotopy pullbacks and pushouts. Since these constructions will be required to
be functorial for the arguments, we assume from the start fixed functorial models
for such constructions, which can be made using standard methods of homotopical
algebra, and omit the details pertaining to this or related issues.
7.1. Potential n-stages. Our description of the realization space of an unstable
coalgebra will be given in terms of a sequence of moduli spaces of cosimplicial spaces
which, in a certain sense, approximate actual topological realizations regarded as
constant cosimplicial objects. The meaning of this approximation is expressed in
the model category cSG , and not in the model category of spaces.
If X is a realization of C, i.e. H˚pXq – C, then the associated cosimplicial
object cX P cSG obviously has the property that H˚pcXq is an object of type
KpC, 0q. More generally, it will be shown in Theorem 7.2.11 that if X‚ is a (fibrant)
cosimplicial space such that H˚pX
‚q is an object of type KpC, 0q, then TotpX‚q
is a realization of C assuming the convergence of the homology spectral sequence
for Tot. This motivates the following notion of a cosimplicial space realizing (a
cosimplicial resolution of) C.
Definition 7.1.1. A cosimplicial space X‚ is called an 8-stage for C if H˚pX
‚q
is an object of type KpC, 0q.
Before we state the following definition of an approximate 8-stage, let us first
discuss how one could attempt to construct an 8-stage. The cosimplicial space
LpC, 0q, which is already at our disposal, satisfies
H˚pLpC, 0qq PW
`
KpC, 0q ` pCr1s, 2q
˘
.
A natural strategy then is to study the obstruction for killing the non-trivial C-
comodule in π2 of H˚pLpC, 0qq. Assuming this can be done, then the spiral exact
sequence will force a new non-trivial C-comodule in π3 of a recognizable form. This
observation motivates the following definition.
Definition 7.1.2. A cosimplicial spaceX‚ is called a potential n-stage for C, where
n ě 0, if
(a) H˚pX
‚q PW
`
cC ` pCrn` 1s, n` 2q
˘
, i.e.,
πsH˚pX
‚q –
$&% C s “ 0Crn` 1s s “ n` 2
0 otherwise,
where the isomorphisms are between unstable coalgebras and C-comodules
respectively.
(b) π6spX
‚, Gq “ 0 for s ą n and G P G.
We call X‚ a weak potential n-stage in case it satisfies only (a).
Potential n-stages were introduced by Blanc [7, 5.6] under the name of Postnikov
sections or approximations. The name here is inspired by the corresponding notion
introduced in [8] for the realization problem of a Π-algebra.
We have the following recognition property for potential n-stages.
Proposition 7.1.3. A cosimplicial space X‚ is a potential n-stage for C if and
only if the following three conditions are satisfied:
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(a) There is an isomorphism of Hun-algebras
π
6
0pX
‚, Gq – HomCApC,H˚pGqq.
(b) π6spX
‚, Gq “ 0 for s ą n and G P G.
(c) πsrX
‚, Gs “ 0 for 1 ď s ď n` 1 and G P G.
Proof. There is an equivalence of Hun-algebras and unstable algebras by Theo-
rem B.3.3 with an inverse functor u : Hun´AlgÑ UA described in Corollary B.3.5.
Proposition B.3.7 identifies the relevant π0-module structures with C
v – upπ0q-
module structures, where π0 “ π
6
0pX
‚,´q.
Using the spiral exact sequence from Theorem 3.3.1 and the cogenerating prop-
erty of the Eilenberg-MacLane spaces KpF,mq P G in Proposition 4.2.5, condition
(a) is equivalent to π0H˚pX
‚q – C, as unstable coalgebras. Similarly, condition (c)
is equivalent to πsH˚pX
‚q “ 0 for 1 ď s ď n` 1. So both (a) and (c) are certainly
true for potential n-stages, and (b) holds by definition.
The converse is similar. The spiral exact sequence yields isomorphisms of π0-
modules
(7.1.4) π6spX
‚,´q – HomCA
`
C,H˚pΩ
sp´qq
˘
for all s ď n. The spiral exact sequence continues with
¨ ¨ ¨ Ñ π6n`2pX
‚, Gq Ñ πn`2rX
‚, Gs Ñ π6npX
‚,ΩGq Ñ π6n`1pX
‚, Gq Ñ ¨ ¨ ¨
By assumption, it follows that the middle connecting map is an isomorphism. Then
using (7.1.4), we obtain an isomorphism of C-comodules
πn`2H˚pX
‚q – Crn` 1s.

From Proposition 7.1.3, together with Lemma 3.4.2, it follows that if X‚ is a
potential n-stage for C, then skcm`1pX
‚q is a potential m-stage for C for all m ď n.
Here skcnp´q denotes the derived n-skeleton, i.e., the n-skeleton of a functorial
G-cofibrant replacement. Thus, a potential n-stage should be thought of as the
n-skeletal truncation in cSG of a potential 8-stage.
Proposition 7.1.5. Let C be an unstable coalgebra and f : X‚ Ñ Y ‚ a map
between potential n-stages for C. Suppose that f induces isomorphisms on π0H˚-
groups. Then f is a G-equivalence.
Proof. Using the naturality of the spiral exact sequence, we see that the map f
induces isomorphisms π6spY
‚, Gq
–
ÝÑ π6spX
‚, Gq for all s ě 0 and G P G. 
When the characteristic of the ground field is positive, property (b) in the defini-
tion of a potential n-stage follows automatically. The key ingredients for the proof
of this reduction are the extra structure of the spiral exact sequence obtained in
Appendices A and B and a theorem of Goodwillie [32] on the homology spectral
sequence of a cosimplicial space.
Theorem 7.1.6. Let F “ Fp for p ą 0. Let C P CA be a connected unstable
coalgebra and X‚ a weak potential n-stage for C. Then X‚ is a potential n-stage
for C.
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Proof. By the spiral exact sequence, there are isomorphisms of π60pX
‚,´q-modules
π6spX
‚,´q – HomCA
`
C,H˚pΩ
sp´qq
˘
for all s ď n. The spiral exact sequence continues as follows
¨ ¨ ¨ Ñ π6n`2pX
‚, Gq Ñ πn`2rX
‚, Gs Ñ π6npX
‚,ΩGq Ñ π6n`1pX
‚, Gq Ñ 0
where the middle connecting map can be identified with the dual of a map of
C-comodules from Crn` 1s to itself. We claim that this is an isomorphism.
From the description of the homology spectral sequence of a cosimplicial space
given by Bousfield in [12], one sees that this comodule map can be identified with
the differential dn`2 in the spectral sequence of X
‚. (Here we identify π6npX
‚,ΩGq
with π60pX
‚,Ωn`1Gq via the isomorphisms in the spiral exact sequence.)
According to the main result of [32], elements in Erp,q for p ą q do not survive
to E8p,q in the homology spectral sequence for Fp. Hence the summand Σ
n`1Fp Ď
Crn ` 1s of En`2n`2,n`1, given by the internal shift of the summand in degree 0
of C, is mapped isomorphically by dn`2. But a C-comodule endomorphism of
Crn ` 1s which is nontrivial in degree n ` 1 must be an isomorphism. It follows
that the connecting map in the spiral exact sequence above is an isomorphism and,
inductively, we also obtain the vanishing of the higher natural homotopy groups. 
Remark 7.1.7. For p “ 2, a proof of Goodwillie’s theorem [32] was given earlier
by Dwyer using his construction of higher divided power operations [19]. These
operations exist also at odd primes (Bousfield [11]), but to the best of our knowledge
only for p “ 2 have these operations been studied in the literature in connection
with the homology spectral sequence. The interaction of these operations with the
Steenrod action forces the E8-terms to carry an unstable module structure. But
an unstable module is trivial in negative degrees by the instability condition and
the relation Sq0 “ id.
Remark 7.1.8. Theorem 7.1.6 fails in characteristic 0. Let C‚ be the bigraded
coalgebra which is Q in bidegree p0, 0q and Q in bidegree pn ` 2, n ` 1q. We can
regard it as a graded differential Q-coalgebra with trivial differential. One obtains
a cosimplicial cocommutative Q-coalgebra by using the Dold-Kan correspondence
between cochain complexes of graded vector spaces and cosimplicial graded vector
spaces. This cosimplicial graded Q-coalgebra can be realized as the rational ho-
mology of a cosimplicial space which is generated by a point in degree 0 and an
pn` 1q-sphere in degree n` 2. This cosimplicial space is a weak potential n-stage,
but it’s not a potential n-stage because the differential dn`2 in its homology spec-
tral sequence is trivial by construction, and hence the spiral exact sequence shows
that it has non-trivial higher natural homotopy groups (see the proof of Theorem
7.1.6).
While our goal is to obtain topological realizations of C from totalizations of 8-
stages for C, the totalization of a potential n-stage does not usually yield anything
interesting.
Proposition 7.1.9. Let F “ Fp where p ą 0, C a simply-connected unstable
coalgebra, and X‚ a potential n-stage for C. Then TotpX‚q is weakly trivial.
Proof. By [12, Theorem 3.6], TotpX‚q is simply-connected and the homology spec-
tral sequence ofX‚ is strongly convergent toH˚pTotpX
‚qq. ThereforeH˚pTotpX
‚qq
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is trivial since dn`2 is an isomorphism as shown in the proof of Theorem 7.1.6
above. 
Definition 7.1.10. We say that a potential n-stage Y ‚ for C extends or is over a
potential pn´ 1q-stage X‚ if skcnpY
‚q » X‚.
Theorem 7.1.11. Let C P CA and n ě 1. Suppose that
α : X‚n´1 Ñ X
‚
is a map in cSG where X‚n´1 is a potential pn ´ 1q-stage for C. Then X
‚ is a
potential n-stage for C over X‚n´1 if and only if there is a homotopy pushout square
(7.1.12) LCpCrns, n` 1q
wn //

X‚n´1
α

LpC, 0q // X‚
where wn is a map such that the map φpX
‚
n´1qpwnq : KCpCrns, n`1q Ñ H˚pX
‚
n´1q,
defined in Proposition 6.3.10, is a weak equivalence.
Proof. Sufficiency is an easy consequence of the long exact sequence associated with
the homotopy pushout that is obtained, by Proposition 6.1.7, after applying H˚
to (7.1.12) (cf. Proposition 2.2.3). The necessity follows from the discussion after
Proposition 6.4.1. 
7.2. The main results. For an unstable coalgebra C, let WnpCq denote the sub-
category of cSG whose objects are potential n-stages for C and the morphisms are
weak equivalences. The moduli space of potential n-stages MnpCq is defined to be
the classifying space of this category.
The homotopy type of M0pCq has essentially already been determined, but we
include the statement here again for completeness.
Theorem 7.2.1. Let C be an unstable coalgebra. There is a weak equivalence
M0pCq » BAutpCq.
Proof. This is a reformulation of Proposition 6.3.13 since a potential 0-stage for C
is an object of type LpC, 0q. 
Note that there is a functor skcn : WnpCq ÑWn´1pCq that sends a potential n-
stage to its derived n-skeleton. Given a potential pn´1q-stage X‚ for C, we denote
by WnpCqX‚ the subcategory of WnpCq over the component of X
‚ P Wn´1pCq.
This may be empty, of course. We denote its classifying space by MnpCqX‚ . This
is the moduli space of potential n-stages over X‚ in the sense of Definition 7.1.10.
The following proposition is a refinement of Theorem 7.1.11 and is the first step
to the description of the map skcn : MnpCq ÑMn´1pCq in Theorem 7.2.3 below.
Proposition 7.2.2. Let C be an unstable coalgebra and X‚ a potential pn´1q-stage
for C with n ě 1. Then there is a homotopy pullback square
MnpCqX‚ //
skcn

M
`
KpC, 0qև KCpCrns, n` 1q
»
ÝÑ H˚pX
‚q
˘

MpX‚q
H˚ //MpH˚pX‚qq.
THE REALIZATION SPACE OF AN UNSTABLE COALGEBRA 75
Proof. By Theorem 7.1.11, there are functors as follows:
WnpCqX‚
(7.1.12) //
%%▲▲
▲▲
▲▲▲
▲▲▲
W
`
LpC, 0qև LCpCrns, n` 1q ñ X
‚
˘
pushout
oo
tt✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐
WpX‚q
which make the diagram commute up to natural transformations (see Remark 6.4.4
for the meaning of ñ in the diagram). The top pair of functors induces an inverse
pair of homotopy equivalences between the classifying spaces; the two composites
are connected to the respective identity functors by zigzags of natural transforma-
tions. Then the result follows directly from Theorem 6.4.3 and Remark 6.4.4. 
Theorem 7.2.3. Let C be an unstable coalgebra. For every n ě 1, there is a
homotopy pullback square
(7.2.4) MnpCq //
skcn

M
`
KCpCrns, n` 2q։ KpC, 0q
˘
∆

Mn´1pCq
H˚ //MpKpC, 0qև KC
`
Crns, n` 2q։ KpC, 0q
˘
.
where the map ∆ is induced by the functor pV և Uq ÞÑ pV և U ։ V q.
Proof. We will check this for each path component of Mn´1pCq by applying the
last proposition. Let X‚ be a potential pn ´ 1q-stage for C. Then H˚pX
‚q is an
object of W
`
KpC, 0q ` pCrns, n` 1q
˘
and MpH˚pX
‚qq is a path component of the
moduli space M
`
KpC, 0q ` pCrns, n` 1q
˘
.
By Proposition 5.4.2, there is a natural weak equivalence
(7.2.5) M
`
KpC, 0q`pCrns, n`1q
˘
»M
`
KpC, 0qև KCpCrns, n`2q։ KpC, 0q
˘
.
Using this identification, we obtain the bottom map in (7.2.4). The domain of ∆
is path-connected, by Proposition 5.3.7, and its image lies in the component that
corresponds to MpKCpCrns, n` 1qq using the identification in (7.2.5).
We claim that the following is a homotopy pullback square
MpKpC, 0qև KCpCrns, n` 1q
„
ÝÑ H˚pX‚qq

//MpKCpCrns, n` 2q ։ KpC, 0qq
∆

MpH˚pX‚qq //MpKpC, 0qև KCpCrns, n` 2q ։ KpC, 0qq
where:
(i) The top map is induced by the obvious forgetful functor and the recipe of
Proposition 5.3.7(c).
(ii) The bottom map is induced by the recipe of Proposition 5.4.2 as explained
above.
(iii) The map on the left is induced by the obvious forgetful functor.
The homotopy commutativity and homotopy pullback property of this square can
be checked by considering separately the following two cases:
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(a) X‚ can be extended to a potential n-stage. Then, by Proposition 7.2.2,
H˚pX
‚q is weakly equivalent to KCpCrns, n ` 1q and hence the moduli
space at the top left corner is non-empty. The weak equivalence indicated
by
„
ÝÑ determines a homotopy between the two compositions in the square.
Moreover, since the arrow
„
ÝÑ indicates a weak equivalence, it follows easily
that the top map in the square is actually a weak equivalence. Therefore,
the square is a homotopy pullback since the bottom map is up to homotopy
the inclusion of a path component and the domain of ∆ is connected.
(b) X‚ cannot be extended to a potential n-stage. By Proposition 7.1.11
and Proposition 6.3.10, it follows that X‚ is not weakly equivalent to
KCpCrns, n` 1q. Therefore, the space at the top left corner is empty and
the commutativity of the diagram is a triviality. Moreover, the images of
the bottom and right maps lie in different connected components because
the image of ∆ is in the connected component that corresponds to the
moduli space MpKCpCrns, n ` 1qq. Therefore, the square is a homotopy
pullback in this case, too.
Then the result follows from Proposition 7.2.2. 
Next we will identify the map ∆ in terms of the Andre´-Quillen cohomology of
C and reformulate Theorem 7.2.3 in the form that was stated in the Introduction.
Let M P VC, D P C{CA, and KCpM,nq be a pointed structured K-object.
Following Theorem 5.3.9, we define the Andre´-Quillen space of D with coefficients
in M as follows
(7.2.6) AQnCpD;Mq :“ map
der
cpC{CAq
`
KCpM,nq, cD
˘
.
Note:
πsAQ
n
CpD;Mq –
"
AQn´sC pD;Mq 0 ď s ď n
0 otherwise
where the basepoint is given by the structure map C Ñ D.
We can identify the moduli space M
`
KpC, 0q և KCpCrns, n ` 2q ։ KpC, 0q
˘
in terms of Andre´-Quillen cohomology as follows. Based on general results about
moduli spaces (Theorem C.3.2), there is a homotopy fiber sequence
F “ mapder
։
`
KCpCrns, n` 2qq, cC
˘ //M`KpC, 0qև KCpCrns, n` 2q։ KpC, 0q˘

M
`
KpC, 0qև KCpCrns, n` 2q
˘
ˆMpKpC, 0qq
where the homotopy fiber is the subspace of mapder
`
KCpCrns, n`2q, cC
˘
defined by
the maps which induce a π0-isomorphism. The basepoint of F , which corresponds
to the zero Andre´-Quillen cohomology class, maps to the component of the image
of ∆. Recall that we have weak equivalences:
M
`
KCpCrns, n` 2q։ KpC, 0q
˘
» BAutCpCrnsq
MpKpC, 0qq » BAuthpKpC, 0qq » BAutpCq.
In particular, both spaces are path-connected. It follows that the total space of this
homotopy fiber sequence is the homotopy quotient of the homotopy fiber
F “ mapder
։
`
KCpCrns, n` 2q, cC
˘
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by the actions of the homotopy automorphisms of KCpCrns, n` 2q, as a structured
K-object, and the homotopy automorphisms of cC.
The homotopy quotient of F under the action of AuthpcCq » AutpCq is homo-
topy equivalent to AQn`2C pC;Crnsq. This is obtained essentially by identifying sets
of connected components of F . There is an induced action of the homotopy auto-
morphisms Auth
`
KCpCrns, n`2q։ cC
˘
» AutCpCrnsq on AQ
n`2
C pC;Crnsq which
has a homotopy fixed point at the basepoint. Indeed, considering the associated
action on F “ mapder
։
`
KCpCrns, n ` 2q, cC
˘
, the restriction of the action on the
basepoint factors through AutpCq. LetĂAQn`2C pC;Crnsq :“ AQn`2C pC;Crnsq{{Auth`KCpCrns, n` 2q։ cC˘
» AQn`2C pC;Crnsq{{AutCpCrnsq
denote the homotopy quotient. Then we have a canonical weak equivalenceĂAQn`2C pC;Crnsq »ÝÑM`KpC, 0qև KCpCrns, n` 2q։ KpC, 0q˘
such that the square commutes up to canonical homotopy
ĂAQn`2C pC;Crnsq

» //M
`
KpC, 0qև KCpCrns, n` 2q։ KpC, 0q
˘

BAutCpCrnsq
» //M
`
KpC, 0qև KCpCrns, n` 2q
˘
where the vertical maps are the canonical projections.
The inclusion of the basepoint in AQn`2C pC;Crnsq, which of course represents
the zero Andre´-Quillen class, yields a map
r0s : BAutCpCrnsq Ñ ĂAQn`2C pC;Crnsq
which is a section up to homotopy of the canonical projection above. Since the
induced basepoint
˚
0
Ñ AQn`2C pC;Crnsq ÑM
`
KpC, 0qև KCpCrns, n` 2q։ KpC, 0q
˘
factors through the map ∆, it follows that there is a homotopy commutative dia-
gram
BAutCpCrnsq
» //
r0s

M
`
KCpCrns, n` 2q։ KpC, 0q
˘
∆
ĂAQn`2C pC;Crnsq » //M`KpC, 0qև KCpCrns, n` 2q։ KpC, 0q˘
Using this identification, we arrive at the following reformulation of Theorem 7.2.3.
Theorem 7.2.7. Let C be an unstable coalgebra. For every n ě 1, there is a
homotopy pullback square
MnpCq //
skcn

BAutCpCrnsq
r0s

Mn´1pCq
H˚ // ĂAQn`2C pC;Crnsq
where the map on the right is defined by the zero Andre´-Quillen cohomology class.
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The fiber of the map r0s is ΩAQn`2C pC;Crnsq » AQ
n`1
C pC;Crnsqq, so we obtain
the following as a corollary.
Corollary 7.2.8. Let X‚ be a potential n-stage for an unstable coalgebra C. Then
there is a homotopy pullback square
AQ
n`1
C pC;Crnsq
//

MnpCq
skcn

˚
skcnX
‚
//Mn´1pCq.
Our next goal is to compare the tower of moduli spaces tMnpCqu with the
moduli space M8pCq. The following theorem is an application of the results and
methods of [20]; see Appendix C.
Theorem 7.2.9. Let C be an unstable coalgebra. There is a weak equivalence
M8pCq » holim
n
MnpCq.
Proof. If W8pCq is empty, i.e., if there is no 8-stage, then for every potential n-
stageX‚ there is anm ą n such that no potentialm-stage Y ‚ satisfies skcn`1pY
‚q »
X‚. It follows that the homotopy limit is also empty.
Let N denote the poset of natural numbers. In order to approximate better
the setting of [20], we first replace WnpCq, 0 ď n ď 8, with a new category of
weak equivalences denoted by W 1npCq. The objects are functors F : n Ñ cS
G (or
F : NÑ cSG if n “ 8) such that:
(i) F pkq is a potential k-stage for C,
(ii) for every k ă m, the map F pkq » skck`1 F pkq Ñ sk
c
k`1 F pmq is a weak
equivalence.
The skeletal filtration of a potential n-stage X‚:
¨ ¨ ¨ Ñ skckpX
‚q Ñ skck`1pX
‚q Ñ ¨ ¨ ¨
defines a functor
tskc‚p´qu : WnpCq ÑW
1
npCq.
On the other hand, it is easy to see that the homotopy colimit functor defines a
functor in the other direction
hocolim: W 1npCq ÑWnpCq
and that the two compositions are naturally weakly equivalent to the respective
identity functors. Hence the classifying spaces of these categories are canonically
identified up to homotopy equivalence for all n.
The connected components of W 18pCq correspond to the equivalence classes of
8-stages. Following [20], we say that two 8-stages are conjugate if their n-skeleta
are weakly equivalent for all n. By standard cofinality arguments, it suffices to
prove the theorem for the components associated with a single conjugacy class of
W 18pCq. Such a class is represented by the skeletal filtration tsk
c
nX
‚u of a 8-stage
X‚. Let ConjpX‚q ĎW 18pCq be the full subcategory of objects conjugate toX
‚, i.e.
diagrams F such that F pnq » skcn`1X
‚. Let W 1npCqX ĎW
1
npCq be the component
containing tskck`1pX
‚qukďn. We emphasize that while W
1
npCqX is connected, by
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definition, this will not be true for ConjpX‚q in general. Then an application of
Theorem C.4.1 shows the required weak equivalence
MconjpX
‚q :“ BpConjpX‚qq
»
ÝÑ holim
n
BW 1npCqX » holim
n
MpXpnqq
which is induced by the restriction maps. 
Finally, we come to the comparison between 8-stages and actual topological
realizations of C. Let WToppCq denote the category of spaces whose objects are
topological realizations of C, i.e. simplicial sets X such that H˚pXq – C in CA,
and morphisms are Fp-homology equivalences between simplicial sets. We define
the classifying space of this category MToppCq to be the realization space of C. By
Theorem C.3.1, there is a weak equivalence
(7.2.10) MToppCq »
ğ
X
BAuthpXq
where the index set of the coproduct is the set of equivalence classes of realizations
of C with respect to Fp-homology, with X chosen in each class to be fibrant in
the Bousfield localization with respect to Fp-homology equivalences, and Aut
hpXq
denotes the simplicial monoid of self-homotopy equivalences.
The meaning of strong convergence in the next theorem should be taken as
defined by Bousfield in [12, p. 364].
Theorem 7.2.11. Let C be an unstable coalgebra. Suppose that the homology
spectral sequence of each 8-stage X‚ for C converges strongly to H˚pTotX
‚q. Then
the totalization functor induces a weak equivalence
M8pCq »MToppCq.
Proof. Let X‚ be an 8-stage and assume that it is Reedy fibrant. The E2-page of
the homology spectral sequence of the cosimplicial space X‚,
πsHtpX
‚q ñ Ht´spTotpX
‚qq,
is concentrated in the 0-line and so the spectral sequence collapses at this stage.
The spectral sequence converges strongly by assumption and therefore the edge
homomorphism
(7.2.12) H˚pTotpX
‚qq – E80,˚
–
ÝÑ E20,˚ “ π
0H˚pX
‚q – C
is an isomorphism. Since this isomorphism is induced by a map of spaces (see also
[12, 2.4]):
TotpX‚q Ñ X0,
it follows that it is an isomorphism of unstable coalgebras. Hence TotpX‚q is a
topological realization of C. This way we obtain a functor
Totf : W8pCq ÑWToppCq
which sends an 8-stage to the totalization of its (Reedy) fibrant replacement. On
the other hand, there is a functor
c : WToppCq ÑW8pCq
which sends a topological realization Y of C to the constant cosimplicial space cY .
The composite functors Totf ˝ c and c ˝Totf are connected to the identity functors
by natural weak equivalences
IdÑ Totf ˝ p∆‚ ˆ´q Ñ Totf ˝ c
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c ˝ Totf Ð p∆‚ ˆ´q ˝Totf Ñ p´qf Ð Id.
Therefore, this pair of functors induces a pair of inverse homotopy equivalences
between the associated moduli spaces and hence the result follows. 
Bousfield’s convergence theorem of the homology spectral sequence (see [12, The-
orem 3.4]) applies to the 8-stage for C if C is a simply-connected unstable coalge-
bra, i.e. C1 “ 0 and C0 “ F. Thus, we obtain the following
Corollary 7.2.13. Let C be a simply-connected unstable coalgebra. Then the to-
talization functor induces a weak equivalence M8pCq »MToppCq.
Remark 7.2.14. Other convergence results for the homology spectral sequence
were obtained by Shipley [57]. For example, the homology spectral sequence of an
8-stage X‚ converges strongly if H˚pX
nq and H˚pTot
fpX‚qq have finite type and
TotfpX‚q is p-good (see [57, Theorem 6.1]).
7.3. Moduli spaces of marked topological realizations. All of the moduli
spaces considered so far lie over the moduli space of objects of type C (or, equiva-
lently, KpC, 0q and LpC, 0q). That is, we have considered spaces of automorphisms
of topological realizations and potential n-stages without any restrictions on the
induced automorphisms of C. In other words, while certain identifications with C
were required to exist, specifying choices of isomorphisms was not.
In this subsection, we briefly comment on the relation with the moduli spaces of
objects together with a marking by C, i.e. a choice of identification with C where
applicable. The situation we have considered so far will turn out to be the same
as for these marked moduli spaces once we pass to the homotopy quotients of the
actions by automorphisms of C that identify the different choices of markings.
We define a moduli space of marked topological realizations M1ToppCq as fol-
lows. Let W 1ToppCq be the category whose objects are pairs pX, σq consisting of a
topological realization X of C and an isomorphism σ : C – H˚pXq. Such a pair is
called a marked topological realization. A morphism f : pX, σq Ñ pY, τq in W 1ToppCq
is given by an H˚-equivalence f : X Ñ Y such that τ “ H˚pfqσ. Then M
1
ToppCq
is defined to be the classifying space of W 1ToppCq.
There is an obvious free action on W 1ToppCq by AutpCq with quotient WToppCq.
The quotient map is induced by the obvious forgetful functorW 1ToppCq ÑWToppCq.
As a consequence, it is easy to conclude that the functor H˚ : WToppCq Ñ WpCq
induces a homotopy fiber sequence
(7.3.1) M1ToppCq ÑMToppCq Ñ BAutpCq.
Let LpC, 0q be a fixed cofibrant choice of an object of type LpC, 0q. A marking of
a potential n-stage X‚ for C corresponds to a map σ : LpC, 0q Ñ X‚ which induces
an isomorphism on π0H˚ (or, equivalently, a G-equivalence LpC, 0q » sk
c
1pX
‚q).
By Theorem 6.3.10, this structure is homotopically equivalent to providing the
π0-isomorphism
τ “ φpX‚qpσq : KpC, 0q Ñ H˚pX
‚q.
Moreover, the latter piece of structure is also homotopically equivalent to providing
the induced isomorphism π0pτq : C – π0H˚pX
‚q. The space of markings of a
potential n-stage for C is homotopically discrete and its connected components are
in bijection with the automorphisms of C. Therefore, we may define the moduli
THE REALIZATION SPACE OF AN UNSTABLE COALGEBRA 81
space of marked potential n-stages M1npCq as the homotopy fiber of the map sk
c
1,
i.e., we have a homotopy fiber sequence
(7.3.2) M1npCq
JnÝÑMnpCq
skc1ÝÑM0pCq » BAutpCq.
Then the main results of the previous subsection have the following obvious ana-
logues:
‚ M10pCq is contractible.
‚ There is a homotopy pullback square
M1npCq

Jn //MnpCq

M1n´1pCq
Jn´1 //Mn´1pCq
Combining this with Theorem 7.2.7 and the discussion that followed, we
obtain a homotopy pullback
M1npCq //

BAutCpCrnsq

M1n´1pCq // ĂAQn`2C pC;Crnsq
‚ M18pCq » holim nM
1
npCq.
‚ Under the assumptions of Theorem 7.2.11, M1ToppCq »M
1
8pCq.
Next we may also consider moduli spaces of marked potential n-stages X‚ for
C with further additional structure, namely, a choice of a Postnikov invariant of
H˚pX
‚q PW
`
KpC, 0q ` pCrn` 1s, n` 2q
˘
,
wn`2 : KCpCrn` 1s, n` 3q Ñ skn`2H˚pX
‚q.
We recall that this map is generally only specified up to the action of the automor-
phisms of the structured K-object. Taking πn`2H˚p´q defines a functor
WnpCq ÑWpC;Crn` 1sq
and thus we also obtain a map
M1npCq
JnÝÑMnpCq Ñ BAutCpCrn` 1sq.
We define the moduli space of framed potential n-stages MfnpCq to be the homotopy
fiber of this composite map.
The relation between these moduli spaces is clear: the original moduli space
MnpCq is the homotopy quotient of M
f
npCq by the actions of the groups AutpCq
and AutCpCrn` 1sq. The analogue of Theorem 7.2.1 says
M
f
0 pCq » AutCpCr1sq.
More interestingly, the analogue of Theorem 7.2.7 for the framed moduli spaces is
an unwinding of the action by the automorphism groups AutCpCrnsq. Indeed, in
the first place, it is easy to see that the map Mn´1pCq Ñ BAutCpCrnsq defined
above agrees up to homotopy with the composition coming from Theorem 7.2.7:
Mn´1pCq ÝÑ ĂAQn`2C pC;Crnsq ÝÑ BAutCpCrnsq.
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Moreover, the composite
MnpCq
skcnÝÑMn´1pCq ÝÑ ĂAQn`2C pC;Crnsq ÝÑ BAutCpCrnsq
is essentially induced by the functor πn`1H˚psk
c
np´qq which can also be identified,
up to natural isomorphism, with the functor πn`2H˚:
WnpCq
πn`2H˚ //
skcn

WpC;Crn` 1sq
–

Wn´1pCq
πn`1H˚ // WpC;Crnsq
As a consequence, the homotopy pullback of Theorem 7.2.7, as well as the one for
the marked moduli spaces, lies over BAutCpCrnsq naturally in n, where naturality
in n is exactly described by the commutativity of the previous square. By taking
homotopy fibers, we obtain a homotopy pullback square as follows,
MfnpCq //

˚
0

M
f
n´1pCq
// AQn`2C pC;Crnsq
Finally, we also have the analogue of Theorem 7.2.9:
Mf8pCq » holim
n
MfnpCq.
7.4. Obstruction theories. In this subsection, we spell out in detail how the ho-
motopical description of the realization space MToppCq in terms of moduli spaces
of potential n-stages gives rise to obstruction theories for the existence and unique-
ness of realizations of C. As is usually the case with obstruction theories, these are
also described as branching processes: at every stage of the obstruction process, an
obstruction to passing to the next stage can be defined, but this obstruction (and
so also its vanishing) depends on the state of the process created so far by choices
made at earlier stages.
Clearly, C is topologically realizable if and only if MToppCq is non-empty. By
Theorems 7.2.9 and 7.2.11, this is equivalent to the existence of an object inW 18pCq.
Theorem 7.2.1 shows that a potential 0-stage always exists and that it is essentially
unique. Suppose that this has been extended to a potential pn´ 1q-stage X‚. This
defines a point rX‚s PMn´1pCq. Theorems 7.2.3 and 7.2.7 give a map
wn´1 : Mn´1pCq Ñ ĂAQn`2C pC;Crnsq
which associates to a potential pn ´ 1q-stage X‚ the equivalence class of Andre´-
Quillen cohomology classes which defines the Postnikov decomposition of
H˚pX
‚q PW
`
KpC, 0q ` pCrns, n` 1q
˘
.
This is, in other words, the unique Postnikov k-invariant of H˚pX
‚q in its invariant
form. We recall here that the component of AQn`2C pC;Crnsq corresponding to the
zero Andre´-Quillen cohomology class is fixed under the action of AutCpCrnsq. Now
Theorem 7.2.7 shows
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Theorem 7.4.1. The potential pn´ 1q-stage X‚ is up to weak equivalence the n-
skeleton of a potential n-stage if and only if wn´1prX
‚sq lies in the component of
pthe image ofq the zero class in ĂAQn`2C pC;Crnsq.
Let us emphasize that the first such Postnikov invariant in the process,
w0pCq :“ w0prX
‚sq P ĂAQ3CpC;Cr1sq,
associated to a potential 0-stageX‚, is actually an invariant of C becauseM0pCq is
connected. From the general comparison results of Baues and Blanc [3], this invari-
ant seems to relate to an obstruction to endowing C (or its dual) with secondary
operations.
Assuming that wn´1prX
‚sq corresponds to (the reduction of) the zero Andre´-
Quillen cohomology class, and so X‚ can be extended to a potential n-stage, there
will then be choices for an extension given by Corollary 7.2.8. More specifically, by
Proposition 7.2.2 and Corollary 7.2.8, there are homotopy fiber sequences as follows
AQ
n`1
C pC;Crnsq

AQ
n`1
C pC;Crnsq

MnpCqX‚ //

M
`
KCpCrns, n` 1q։ KpC, 0q
˘

BAuthpX‚q // BAuthpKCpCrns, n` 1qq
The set of equivalence classes of potential n-stages over X‚ is exactly the set of
components of MnpCqX‚ . There is an action of the group
hAut
`
KCpCrns, n` 1q
˘
:“ π1
`
BAuthpKCpCrns, n` 1qq
˘
on the path-components of the fiber
AQn`1C pC;Crnsqq :“ π0
`
AQ
n`1
C pC;Crnsq
˘
,
as well as an induced action of π1
`
BAuthpX‚q
˘
by restriction. Using the long exact
sequence of homotopy groups, we can identify the corresponding set of orbits with
the required set of possible equivalence classes of extensions of X‚.
Proposition 7.4.2. Let X‚ be a potential pn ´ 1q-stage for an unstable coalgebra
C. Suppose that X‚ extends to a potential n-stage. Then there is a bijection
π0pMnpCqX‚q –
AQn`1C pC;Crnsqq
π1
`
BAuthpX‚q
˘ .
For every such choice of potential n-stage Y ‚ over X‚, the same procedure leads
to an obstruction
wnprY
‚s, rX‚sq :“ wnprY
‚sq P ĂAQn`3C pC;Crn` 1sq
for finding a potential pn`1q-stage over Y ‚ (which in turn is over X‚). We empha-
size that the Postnikov invariant of H˚pY
‚q is not determined by X‚. According
to Theorems 7.2.9 and 7.2.11, C admits a topological realization if and only if
this procedure can be continued indefinitely to obtain an element in W 18pCq. We
summarize this discussion in the following statement.
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Theorem 7.4.3. Let C be a simply-connected unstable coalgebra. There is a space
X such that H˚pXq – C if and only if there can be made choices in the obstruction
process above such that an infinite sequence of obstructions can be defined
w0prX
‚
0 sq, w1prX
‚
1 s, rX
‚
0 sq, ¨ ¨ ¨ , wnprX
‚
ns, rX
‚
n´1sq, ¨ ¨ ¨ ,
where the first one is w0pCq and every other is defined if and only if the previous
one vanishes.
The problem of uniqueness of topological realizations of C can also be analyzed
by considering the tower of the moduli spaces. We have that C is uniquely real-
izable if and only if MToppCq is connected. This means that at each stage of the
obstruction process, there is exactly one choice that can be continued unhindered
indefinitely. Assume that a topological realization X of C is given, which then
defines basepoints in all moduli spaces. Then the number of different realizations
is given by the Milnor exact sequence
‹ Ñ lim
ÐÝ
1π1
`
MnpCq, rsk
c
n`1pcXqs
˘
Ñ π0MToppCq Ñ limÐÝ
π0
`
MnpCq
˘
Ñ ‹
where
π1
`
MnpCq, rsk
c
n`1pcXqs
˘
– π0Aut
hpskcn`1pcXqq.
Moreover, associated to this tower of pointed fibrations, there is a Bousfield-Kan
homotopy spectral sequence which starts from Andre´-Quillen cohomology and ends
at the homotopy of the realization space.
We now turn to an obstruction theory for realizing maps between realized un-
stable coalgebras. That is, given a map φ : H˚pXq Ñ H˚pY q, is there a realization
f : X Ñ Y , i.e. φ “ H˚pfq, and if so, what is the moduli space of all such re-
alizations? This cannot be answered directly from the main theorems above, but
an answer can be obtained by similar methods based on the established Postnikov
decompositions of cosimplicial spaces.
For the question of existence, we proceed as follows. Under the assumption that
C is simply-connected, this realization problem is equivalent to finding a realiza-
tion f8 : cX Ñ cY in HopS
Gq such that H˚pf8q “ cpφq. The existence of f8 is
equivalent to the existence of a compatible sequence of maps in cSG :
fn : sk
c
npcXq Ñ pcY q
f .
Let C “ H˚pXq, D “ H˚pY q and a given map φ : C Ñ D. This map extends
trivially to a map of cosimplicial objects
φ : KpC, 0q Ñ H˚pcY q
which then gives by Proposition 6.3.10, the starting point of the obstruction theory:
f1 : LpC, 0q » sk
c
1pcXq Ñ pcY q
f .
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Assuming that fn has been constructed, the obstruction to passing to the next step
is expressed in the following diagram:
LpC, 0q
vv♥♥♥
♥♥♥
♥♥♥
♥♥♥ f1
%%❑
❑❑
❑❑
❑❑
❑❑
LCpCrns, n` 1q

// skcnpcXq

fn // pcY qf
LpC, 0q // skcn`1pcXq
99s
s
s
s
s
The dotted arrow exists if and only if the top composite factors up to homotopy
through f1 : LpC, 0q Ñ pcY q
f . By Proposition 6.3.10, this is equivalent to a factor-
ization in HopcCAEq of the associated map (which depends on fn)
wpφ; fnq : KCpCrns, n` 1q Ñ cH˚pY q
through φ : KpC, 0q Ñ cH˚pY q (in HopcCA
Eq). Therefore, wpφ; fnq determines an
element in AQn`1C pD;Crnsq whose vanishing is equivalent to the existence of an
extension skcn`1pcXq Ñ pcY q
f .
As long as φ can be realized, the problem of the uniqueness of realizations can
be addressed similarly. In the diagram above, the choices of homotopies exhibit-
ing the vanishing of the obstruction wpφ; fnq, which correspond to elements of
AQnCpD;Crnsq, lead to different extensions in general. The identification of these ex-
tensions depends on fn and can be determined using standard obstruction-theoretic
methods. The realization is unique if and only if among all such intermediate ex-
tensions exactly one sequence of choices makes it to the end.
Appendix A. The spiral exact sequence
A spiral exact sequence was first found in the context of Π-algebras and simplicial
spaces by Dwyer-Kan-Stover [25]. This was generalized and used in the context of
moduli problems for E8-ring spectra by Goerss-Hopkins [29]. As we will see in
this appendix, there is spiral exact sequence associated to each resolution model
category. We work here cosimplicially and in the unpointed case, in contrast to
previous instances in the literature, but the generality of the construction will be
apparent.
After the sequence is constructed in Subsection A.1, it is endowed with a module
structure over its zeroth term in Subsection A.2. The associated spectral sequence is
mentioned in Subsection A.3. All parts here are written in the language of universal
algebra and we assume throughout that the conditions of Assumption 3.1.1 are
satisfied.
A.1. Constructing the sequence. We follow the outline given in [29, 3.1.1]. We
write S for the category of simplicial sets and S˚ for pointed simplicial sets. Let
M and G be as in Assumption 3.1.1. In particular, each G in G is assumed to be
fibrant.
For any simplicial set K, we have a pair of adjoint functors
´bext K : cM Õ cM :homextpK,´q
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which can be composed with the pair of adjoint functors
p´q0 : cM Õ M :c.
Definition A.1.1. We have a functor
T : cMˆ S ÑM, T pX‚,Kq “ pX‚ bext Kq0.
For a fixed simplicial set K, we abbreviate
T pX‚,Kq “ TKX
‚.
Example A.1.2. There are canonical isomorphisms T∆nX
‚ – Xn and TB∆nX
‚ –
LnX‚.
Example A.1.3. The object TΛn
k
X‚ is isomorphic to the partial latching object
LnkX
‚ of [14, 3.12].
Definition A.1.4. Let K be a pointed simplicial set. We define a functor
CK : cMÑM˚
by
CKX
‚ :“ pX‚bKq0.
More generally, as for T above, there is also a functor C : cMˆ S˚ ÑM˚.
Remark A.1.5. The functor CK is left adjoint to the functor
K
`
cp´q
˘
“ hom
`
K, cp´q
˘
: M˚ Ñ cM,
and there are natural pushout diagrams
TKX
‚

// CKX‚

// ˚

TLX
‚ // CLX‚ // CL{KX
‚
where K Ă L is an inclusion of pointed simplicial sets.
Remark A.1.6. Both adjoint pairs pbext, homextq and pp´q0, cq are simplicially
enriched but for different simplicial structures on cM. In particular, the functors
TK and CK are not enriched.
Lemma A.1.7. We have:
(1) For a fixed ppointedq K, the left adjoint functors
TK : cMÑM and CK : cMÑM˚
are left Quillen if cM is equipped with the Reedy model structure.
(2) For a fixed Reedy cofibrant X‚, the functors
Tp´qX
‚ : S ÑM and Cp´qX
‚ : S˚ ÑM˚
map cofibrations to cofibrations.
Proof. Both follow easily from the more general Proposition 2.1.14. 
THE REALIZATION SPACE OF AN UNSTABLE COALGEBRA 87
Definition A.1.8. Let F ‚ be a simplicial group and n ě 0. We define the partial
matching objects M0nF
‚ of F ‚ by
M0nF‚ : “ hompΛ
n
0 , F‚q0.
Here the cotensor is given by the external simplicial structure on the category of
simplicial groups.
The following statement is a special case of [14, Proposition 3.14] and the proof
remains valid in our unpointed situation. It relies on [31, Lemma VII.1.26, Propo-
sition VII.1.27].
Proposition A.1.9. Let X‚ be a Reedy cofibrant cosimplicial object in M and
G P G. Then for any n ě 0, there is a canonical isomorphism
rLn0X
‚, GsM –M
0
nrX
‚, GsM.
It will be convenient to use the abbreviation ∆n0 “ ∆
n{Λn0 for any n ě ´1. Here
∆´1, Λ00 and B∆
0 are defined to be the empty (simplicial) set.
Definition A.1.10. Let X‚ be a cosimplicial object in M and n ě 1. We define
CnX‚ “ C∆n0X
‚ and ZnX‚ “ C∆n{B∆nX
‚.
and for n “ 0,´1,
Z0X‚ “ C0X‚ “ C∆0`X
‚ “ X0 \ ˚ and Z´1X‚ “ ˚.
For n ě 0, the inclusion map d0 : ∆n´1 Ñ ∆n induces a cofibration
d0 : ∆n´1{B∆n´1 Ñ ∆n0
whose cofiber is isomorphic to ∆n{B∆n. Given a Reedy cofibrant X‚ P cM, this
induces by Remark A.1.5 and Lemma A.1.7(2), a cofiber sequence
(A.1.11) Zn´1X‚
d0
ÝÑ CnX‚ Ñ ZnX‚.
From this cofiber sequence we obtain for any G P G a long exact sequence as follows,
. . .Ñ rZn´1X‚,Ωq`1Gs
β
ÝÑ rZnX‚,ΩqGs
γ
ÝÑ rCnX‚,ΩqGs
δ
ÝÑ rZn´1X‚,ΩqGs Ñ . . . ,
where the brackets r´,´s denote homotopy classes of maps in M˚. This can be
spliced together to form an exact couple:
rZn´1X‚,ΩqGsM˚
β
p1,´1q
// rZnX‚,ΩqGsM˚
γn,quu❥❥❥❥
❥❥❥❥
❥❥❥❥
❥❥❥
rCnX‚,ΩqGsM˚ “ E
n,q
1
δn,q
jj❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚
(A.1.12)
where the dotted boundary map βn´1,q`1 : rZ
n´1X‚,Ωq`1Gs Ñ rZnX‚,ΩqGs has
bidegree p1,´1q.
Definition A.1.13. We denote the differential of this exact couple by
dn,q “ γn´1,q ˝ δn,q : rC
nX‚,ΩqGs
δ
ÝÑ rZn´1X‚,ΩqGs
γ
ÝÑ rCn´1X‚,ΩqGs.
Definition A.1.14. The first derived couple of the exact couple (A.1.12) is called
the spiral exact sequence. The associated spectral sequence will be called the spiral
spectral sequence.
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We proceed to describe the spiral exact sequence and its associated spectral
sequence more explicitly.
Definition A.1.15. Let F ‚ be a simplicial group and n ě 1. We denote by
NnF‚ “
nč
i“1
ker rdi : Fn Ñ Fn´1s and N0F‚ “ F0
the normalized cochain complex associated to F ‚ with differential d0 “ d0|NnF‚ and
d0|F0 “ ˚.
Lemma A.1.16. Let X‚ be a Reedy cofibrant cosimplicial object in M and G P G.
(1) For any n ě 0, there is a natural isomorphism
rCnX‚, GsM˚ – NnrX
‚, GsM.
(2) The differential d of the exact couple (A.1.12) fits into the following com-
mutative diagram:
rCnX‚, GsM˚
–

d // rCn´1X‚, GsM˚
–

NnrX
‚, GsM
d0 // Nn´1rX‚, GsM
(3) For any n ě 0, there is a natural exact sequence
rCn`1X‚, GsM˚
δn`1
ÝÝÝÑ rZnX‚, GsM˚ Ñ π
6
npX
‚, Gq Ñ 0,
where the surjection can be identified via the adjunction isomorphisms with
the surjection
rX‚,ΩncGscMReedy Ñ rX
‚,ΩncGscMG .
Proof. The cofiber sequence Λn0 Ñ ∆
n Ñ ∆n0 induces by Lemma A.1.7 a cofiber
sequence in M
Ln0X
‚ Ñ Xn Ñ CnX‚.
Therefore we obtain a long exact sequence of abelian groups as follows,
. . .Ñ rLn0X
‚,ΩGs Ñ rCnX‚, Gs Ñ rXn, Gs Ñ rLn0X
‚, Gs.
The map rXn, Gs Ñ rLn0X
‚, Gs can be identified with the canonical map
rXn, Gs ÑM0nrX
‚, Gs
using the isomorphism from Proposition A.1.9. We recall that this map is surjec-
tive for simplicial groups. Moreover, its kernel is NnrX
‚, Gs by Definition A.1.15.
Therefore, we obtain short exact sequences
0Ñ rCnX‚, Gs Ñ rXn, Gs Ñ rLn0X
‚, Gs Ñ 0
THE REALIZATION SPACE OF AN UNSTABLE COALGEBRA 89
and (1) follows. To identify the differential in (2), we use Proposition A.1.9 repeat-
edly and obtain the following commutative diagram:
rCnX‚, Gs
d
++
d0
//
–

rZn´1X‚, Gs //

rCn´1X‚, Gs
–
ker tXn Ñ rL
n
0X
‚, Gsu
d0
//
–

ker
 
Xn´1 Ñ rL
n´1X‚, Gs
(
//

ker
 
Xn´1 Ñ rL
n´1
0 X
‚, Gs
(
–

ker
 
Xn ÑM
0
nrX
‚, Gs
(
d0
//
–

ker tXn´1 ÑMn´1rX
‚, Gsu // ker
 
Xn´1 ÑM
0
n´1rX
‚, Gs
(
–

NnrX
‚, Gs
d0 // Nn´1rX‚, Gs
Here Xk stands for rX
k, Gs.
For (3), we recall from the adjunction isomorphisms from Definition A.1.10:
HomM˚pZ
nX‚, Gq – HomcMpX
‚,ΩncGq and
HomM˚pC
n`1X‚, Gq – HomcMpX
‚,∆n`10 cGq.
Using Proposition 2.1.13, these induce derived isomorphisms as follows,
rZnX‚, GsM˚ – rX
‚,ΩncGscMReedy and
rCn`1X‚, GsM˚ – rX
‚,∆n`10 cGscMReedy .
By our (co-)fibrancy conditions on X‚ and G, the canonical map
κ : rZnX‚, GsM˚ – rX
‚,ΩncGscMReedy Ñ rX
‚,ΩncGscMG “ π
6
npX
‚, Gq
is well-defined and surjective. It remains to prove that δn`1 maps onto the kernel
of κ. Note that ∆n`10 is a simplicial cone on ∆
n{B∆n. Thus, an element in the
kernel of κ has a representative in HomcMpX
‚,ΩncGq that admits a lift as follows:
∆n`10 pcGq

X‚ //
::
ΩnpcGq
since the vertical map is a G-fibration. Therefore, every element in the kernel of κ
has a preimage in rCn`1X‚, GsM˚ , which concludes the proof of (3). 
Theorem A.1.17. The spiral exact sequence is natural in X‚ and G P G and takes
the form
. . .Ñ πp`1rX
‚, Gs
b
Ñ π6p´1pX
‚,ΩGq
s
Ñ π6ppX
‚, Gq
h
Ñ πprX
‚, Gs Ñ . . .
ending with a surjection π61pX
‚, Gq Ñ π1rX
‚, Gs. Moreover, there is an isomor-
phism
π
6
0pX
‚, Gq – π0rX
‚, Gs “: π0
which is also natural in X‚ and G P G.
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Proof. The naturality of the sequence in both X‚ and G P G is clear. Without
loss of generality, we may assume that X‚ is Reedy cofibrant. Next we identify the
terms of the derived couple of (A.1.12). The first is given by
E2p,q “ ker dp,q{ imdp`1,q – πprX
‚,ΩqGs,
as follows from Lemma A.1.16(1)-(2). By Lemma A.1.16(3), this receives a map
from
im tβp,q : rZ
pX‚,ΩqGs Ñ rZp`1X‚,Ωq´1Gs u – coker δp`1,q – π
6
ppX
‚,ΩqGq
and also maps to
im βp´2,q`1 – coker δp´1,q`1 – π
6
p´2pX
‚,Ωq`1Gq,
with βp´2,q`1 : rZ
p´2X‚,Ωq`1Gs Ñ rZp´1X‚,ΩqGs. The surjection for p “ 1
follows from Lemma A.1.16(3) and the fact that rZ1X‚,ΩqGs surjects onto the
kernel of d1,q “ δ1,q.
Lastly, the isomorphism for p “ 0 follows from Lemma A.1.16(3) and the fact
that C0X‚ “ Z0X‚ “ X0 \ ˚. 
Definition A.1.18. In the spiral exact sequence, we call the maps
(1) hp,q : π
6
ppX
‚,ΩqGq Ñ πprX
‚,ΩqGs the Hurewicz maps.
(2) sp,q : π
6
ppX
‚,ΩqGq Ñ π6p`1pX
‚,Ωq´1Gq the shift maps.
(3) bp,q : πprX
‚,ΩqGs Ñ π6p´2pX
‚,Ωq`1Gq the boundary maps.
The names are kept from [25]. The name “Hurewicz map” was given because it
satisfies a ”Hurewicz theorem”, cf. Lemma 3.4.2. The map b is really a boundary
map in view of Proposition A.2.25.
A.2. The spiral exact sequence and π0-modules. Under Assumption 3.1.1 the
spiral exact sequence carries extra structure: it is an exact sequence of modules over
the Hun-algebra
π0 :“ π
6
0pX
‚, Gq – π0rX
‚, Gs.
This structure enters crucially in Propositions 6.3.4 and 7.1.3. The purpose of this
subsection is to give a detailed proof of this property of the spiral exact sequence.
The reader is invited to compare with Blanc-Dwyer-Goerss [8], and Goerss-Hopkins
[29, 30].
We start with the Hurewicz maps. Examples 2.1.7 and A.1.2 show an isomor-
phism
HomMpX
‚, Gq – mapextpX‚, cGq.
The canonical functor MÑ HopMq induces a map
mapextpX‚, cGq – HomMpX
‚, Gq
χ
ÝÑ rX‚, Gs.
Proposition A.2.1. The Hurewicz map h is induced by χ.
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Proof. We may assume that X‚ is Reedy cofibrant. The Hurewicz map h is defined,
as the map between cokernels, by
rCp`1X‚, Gs
– //
d0

Np`1rX
‚, Gs
d0

d0
''❖❖
❖❖❖
❖❖❖
❖❖❖
rZpX‚, Gs

h1 // ZprX‚, Gs

Ă // NprX‚, Gs
π6ppX
‚, Gq
h // πprX‚, Gs
where
ZprX
‚, Gs :“
pč
i“0
ker
 
pdiq˚ “ di : rX
p, Gs Ñ rXp´1, Gs
(
.
Then every element x¯ in π6ppX
‚, Gq has a representative
x P HomM˚pZ
pX‚, Gq։ rZpX‚, GsM˚ ։ π
6
ppX
‚, Gq.
Note that the map h1 is induced by χ, and therefore the same is true for h as
well. 
Corollary A.2.2. The Hurewicz map is a map of π0-modules.
Proof. The π0-module structure on πprX
‚, Gs is explained in Example 3.2.9. The
natural homotopy group is a π0-module by Example 3.2.7. Let us assume that X
‚
is Reedy cofibrant. The map χ directly yields a morphism of (split) G-homotopy
fiber sequences:
ΩpmappX‚, cGq //
Ωpχ“χp

Ωp`mappX
‚, cGq //
Ωp`χ“χ
p
`

mappX‚, cGq
χ

ΩprX‚, Gs // Ωp`rX
‚, Gs // rX‚, Gs
Applying π0 yields the required morphism of π0-modules as abelian objects in
Hun-Alg{π0. 
To show that the shift maps
sp,1 : π
6
ppX
‚,ΩGq Ñ π6p`1pX
‚, Gq
are compatible with the π0-module structures, it will be convenient to construct a
span as follows,
ΩpcpΩGq
»
ÐÝ Ω¯pcpΩGq Ñ Ωp`1cG
where the map on the left is a G-equivalence. It induces the shift map after applying
rX‚,´scMG . We will see that this span extends to morphisms of split homotopy
fiber sequences over cG. This way of constructing the shift map is outlined in [25]
in the “dual” setting of Π-algebras. The following discussion remains valid for all
of the maps sp,q with q ě 1, but we will focus on the case sp,1.
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Definition A.2.3. For G P G, let PathpGq denote a functorial path object for G.
It comes with a fibration pev0, ev1q : PathpGq Ñ G ˆ G and a section sint : G Ñ
PathpGq in M. These induce maps of group objects in HopMq. We write
PG “ fibtev0 : PathpGq Ñ Gu.
This object is pointed and weakly trivial in M. It inherits a map e1 : PG Ñ G
induced by ev1 with homotopy fiber ΩG. Note that e1 is a fibration, but not a
G-injective fibration.
The object LG is defined via the following pullback in M
LG //
λ

PathpGq
pev0,ev1q

G
diag // GˆG.
It can be regarded as an analogue of a free loop space in M. The map λ is a
fibration because pev0, ev1q is one. The map G Ñ PathpGq that is part of the
structure of a path object induces a section for λ. Since all maps in the diagram
are morphisms of homotopy abelian group objects, LG splits as Gˆ ΩG implying
that λ is a G-injective fibration.
We define an object Ω¯pextcpΩGq and maps α and ω in cM˚ via the pullback
Ω¯pcpΩGq
α //
ω »

∆p`10 pcPGq
»

ΩpcpΩGq // ΩpcPG,
where the lower map is induced by the fiber inclusion map ΩGÑ PG. The vertical
maps are G-fibrations and Reedy equivalences because the right vertical map is
a G-fibration between objects which are degreewise weakly trivial. Moreover, the
targets of these maps are G-fibrant. As a consequence, Ω¯pextcpΩGq is also G-fibrant.
We wish to think of the collection of objects Ω¯pextcpΩGq as a functor inG P G. The
defining pullback square of Ω¯pextcpΩGq is the left side of the following commutative
cube:
ΩpcpΩGq

// ˚

ΩpcpPGq
e1 // ΩpcG
Ω¯pcpΩGq
σ //
α

ω
»
66♥♥♥♥♥♥
Ωp`1cG

<<②②②②②
∆p`10 pcPGq
»
e1
//
»
::ttttttttt
∆p`10 pcGq
AA☎☎☎☎☎☎☎
(A.2.4)
The map σ is induced as the map between pullbacks.
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Lemma A.2.5. The front square of Diagram (A.2.4)
Ω¯pcpΩGq
σ //
α

Ωp`1cG

∆p`10 pcPGq
e1 // ∆p`10 pcGq
is a pullback square.
Proof. Diagram (A.2.4) consists of pullback squares on the back, left and right sides
of the commutative cube. 
Remark A.2.6. Some comments on the previous diagrams are in order.
(1) The defining pullback square for Ω¯pcpΩGq is obviously a homotopy pullback
for the resolution model structure. The pullback square in Lemma A.2.5 is
not. All maps labeled » in Diagram (A.2.4) are G-equivalences (and some
are even Reedy equivalences), but neither the back nor the front square is
a G-homotopy pullback. The map cPGÑ cG is not a G-fibration because
the map e1 : PGÑ G is not G-injective. Neither the vertical maps nor the
maps from left to right are G-fibrations.
(2) Giving a map X‚ Ñ Ω¯pcΩG, where X‚ is Reedy cofibrant, is essentially
the same as giving the following:
‚ a map f : Zp`1X‚ Ñ G in M˚ together with
‚ a null homotopy of the composite Cp`1X‚ Ñ Zp`1X‚ Ñ G in M˚.
Definition A.2.7. The following span in cM˚
ΩpcpΩGq
»
ÐÝ Ω¯pcpΩGq
σ
ÝÑ Ωp`1cpGq
yields the map in HopcMReedy˚ q (and HopcM
G
˚qq
ßp : Ω
pcpΩGq Ñ Ωp`1cpGq.
Proposition A.2.8. The map π6ppX
‚,ΩGq Ñ π6p`1pX
‚, Gq that is induced by ßp
agrees with the shift map sp,1 in the spiral exact sequence.
Proof. We may assume that X‚ is Reedy cofibrant. The following diagram com-
mutes:
rZpX‚,ΩGs
βp,1 //
–

rZp`1X‚, Gs
–

rX‚,ΩpcpΩGqscMReedy
ßp,1 // rX‚,Ωp`1cpGqscMReedy
This surjects onto G-homotopy classes. 
Corollary A.2.9. The shift map sp,1 is a π0-module map.
Proof. The description of the π0-module structure of the natural homotopy groups
is given in Examples 3.2.7 and 3.2.11. The relevant diagram to consider is (A.2.4):
the shift map is induced by σω´1. We need to exhibit that cube as the fiber of a
morphism of cubes whose target cube is constant at cG and that is objectwise a split
G-fibration. Note however that it suffices to do all this up to Reedy equivalence.
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Let us begin by considering the back square of (A.2.4). Here the necessary split
G-fibration for ΩpcΩG has been exhibited in Example 3.2.11:
ΩpcΩGÑ P
ð
ÝÑ cG.
In an analogous way as in Example 3.2.11, one expresses ΩpcPG as the total fiber
of the square
cPathpGqS
p //

cPathpGq

pcGqS
p // cG
and, by an appropriate base change, we obtain a split fiber sequence
ΩpcPGÑ P2
ð
ÝÑ cG,
where
P2 “ cGˆpcPathpGqˆcGpcGqSpq cPathpGq
Sp » cGˆpcGqSp cPathpGq
Sp
since G » PathpGq. Up to Reedy equivalence, we could simplify the term on the
right further but that would obscure the commutativity of the cube that we are
about to construct. Now the back square of (A.2.4) is the fiber of the map from
the square
P //

cG

P2 // pcGqS
p
to the constant square at cG.
Next consider the bottom square of (A.2.4). For the corner at ∆p`10 cPG, we
consider a split fiber sequence
∆p`10 cPGÑ P3
ð
ÝÑ cG,
with a simplified
P3 » cGˆ
pcGq∆
p`1
0
cPathpGq∆
p`1
0 .
Thus, the commutative square
P3 //

pcGq∆
p`1
0

P2
s // pcGqS
p
maps via a split G-fibration to the constant cube at cG and has the bottom square
of (A.2.4) as fiber.
The right hand square of the cube (A.2.4) is obviously the fiber of
pcGqS
p`1 //

cG

pcGq∆
p`1
0 // pcGqS
p
mapping to the constant square at cG.
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Lastly, one defines the total space P4 for the top left front corner at Ω¯
pcpΩGq
in (A.2.4) via the pullback
P4 //

P

P3 // P2
By construction, this object sits in a split G-fibration sequence
Ω¯pcpΩGq Ñ P4
ð
ÝÑ cG.
In summary, the following cube of total spaces
P //

cG

P2 // pcGqS
p
P4
α1

ω1
77♦♦♦♦♦♦♦♦♦♦
σ1
// cGS
p`1

88qqqqqq
P3 //
88rrrrrrrrrr
pcGq∆
p`1
0
::✉✉✉✉✉✉
commutes and yields the cube (A.2.4) by taking the fiber over the constant cube
at cG. The maps σ1 and ω1 provide the necessary data for the claim that the shift
map is a π0-module morphism. 
It remains to inspect the boundary maps in the spiral exact sequence. It is useful
to observe that most terms of the sequence are representable as functors of X‚ in
the resolution model category. We are going to explain that this is the case for
the E2-homotopy groups πprX
‚, Gs, p ‰ 1, too. For p “ 0, this is clear from the
isomorphism π0rX
‚, Gs – π60pX
‚, Gq.
Definition A.2.10. Let p ě 2. We define ΨppGq in cM˚ by the following pullback
square:
ΨppGq
ζ //
τ

Ω¯p´2cpΩGq
σ

∆p0pcGq
// Ωp´1cG.
Note that the lower horizontal map is a G-fibration. Hence, ζ is a G-fibration.
In particular, ΨppGq is G-fibrant. By looping the defining pullback square, we get
natural G-equivalences for p ě 2,
ΩsextΨ
ppGq » Ψp`spGq.
Remark A.2.11. The pullback of a diagram in a model category
A
f
ÝÑ B
g
ÐÝ C
is weakly equivalent to the respective homotopy pullback if all objects are fibrant
and one of the maps f or g is a fibration, see e.g. [41, Proposition A.2.4.4].
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Definition A.2.12. For an object X in M˚, we denote by X Ñ ConepXq a
functorial cofibration to a weakly trivial object. Let &pX‚ be the pushout of
ConepCp´1X‚q Ð Cp´1X‚
d0
ÝÑ CpX‚,
which is a model for the mapping cone of d0.
Lemma A.2.13. For all p ě 2 and every Reedy cofibrant X‚ we have:
(1) Maps in cM of the form X‚ Ñ ΨppGq correspond bijectively to maps
CpX‚ Ñ G in M˚ together with a null homotopy of the composite
Cp´1X‚
d0
ÝÑ CpX‚ Ñ G.
(2) There is a natural isomorphism
rX‚,ΨppGqscMReedy – r&
pX‚, GsM˚ .
(3) In the Reedy homotopy category, ΨppGq is a group object and the map τ˚,
induced by τ : ΨppGq Ñ ∆p0pcGq, is part of the long exact sequence
. . .Ñ Np´1rX
‚,ΩGsM Ñ rX
‚,ΨppGqscMReedy
τ˚
ÝÑ NprX
‚, Gs
d0ÝÑ Np´1rX
‚, Gs Ñ . . .
(4) In particular, τ˚ factors through the map
ϑ : rX‚,ΨppGqscMReedy ։
pč
i“0
ker
 
pdiq˚ : rXp, Gs Ñ rXp´1, Gs
(
“ ZprX
‚, GsM
and this map is a surjection.
Proof. Combining A.2.10 and A.2.5 yields a composed pullback square:
ΨppGq
ζ //
τ

Ω¯p´2cpΩGq
σ

α // ∆p´10 pcPGq
e1

∆p0pcGq
// Ωp´1cG // ∆p´10 pcGq
(A.2.14)
Examining this large square one deduces the characterization of maps into ΨppGq
given in (1). Claim (2) is a direct consequence of (1).
Since G is a group object in HopMq the isomorphism (2) yields that, for every
Reedy cofibrant input X‚, the functor r´,ΨppGqscMReedy is group valued. The map
τ is induced by the canonical map CpX‚ Ñ &pX‚. Since the homotopy category
has finite products, we can use the Yoneda lemma, and deduce that ΨppGq is a
group object in HopcMqReedy and τ is a morphism of homotopy group objects.
The adjunction isomorphism
HomM˚pC
pX‚, Gq – HomcM
`
X‚,∆p0pcGq
˘
,
induces an isomorphism
rCpX‚, GsM˚ – rX
‚,∆p0pcGqscMReedy .
Since ∆p´10 pcPGq is Reedy contractible, the Reedy homotopy fiber sequence
ΨppGq
τ
ÝÑ ∆p0pcGq
d0
ÝÑ ∆p´10 pcGq
induces a long exact sequence after applying rX‚,´scMReedy . Using A.1.16(a), this
long exact sequence is the one stated in (3). Therefore, rX‚,ΨppGqs surjects onto
ZprX
‚, Gs – ker tNprX
‚, Gs
d0ÝÑ Np´1rX
‚, Gsu which proves (4). 
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Following the method of [25], the proof of the representability of theE2-homotopy
groups by the objects ΨppGq uses an explicit construction of an object P 1ΨppGq
which plays the role of a path object in the G-model structure.
Definition A.2.15. Let p ě 2. We define P 1ΨppGq by the following pullback
square:
P 1ΨppGq
ψ //

ΨppGq
τ

∆p`10 pcGq
d0 // ∆p0pcGq.
Remark A.2.16. With some care, one can show that P 1ΨppGq also fits into the
Reedy homotopy pullback square:
P 1ΨppGq //

∆p0pcPathpGqq
pev0,ev1q

ΨppGq ˆ∆p`10 pcGq
pτ,d0q // ∆p0pcGq ˆ∆
p
0pcGq
This is analogous to the construction of the corresponding object in [25, Proposition
7.5]. We will not need this description.
Lemma A.2.17. There is an isomorphism P 1ΨppGq – ∆p´10 pcΩGq ˆ∆
p`1
0 pcGq.
Proof. Put the pullback squares from A.2.15, A.2.10, and A.2.5 together:
P 1ΨppGq
ψ //

ΨppGq
ζ //
τ

Ω¯p´2pcΩGq
σ

α // ∆p´10 pcPGq
e1

∆p`10 pcGq
d0 // ∆p0pcGq
i˚p // Ωp´1pcGq // ∆p´10 pcGq
(A.2.18)
Now observe that the composition of the three lower maps is d0 ˝ d0 “ ˚. It follows
that P 1ΨppGq is isomorphic to ∆p`10 pcGq ˆ fibpe1q – ∆
p`1
0 pcGq ˆ∆
p´1
0 pcΩGq. 
Lemma A.2.19. The map ψ : P 1ΨppGq Ñ ΨppGq is a morphism of homotopy
group objects in the Reedy model structure.
Proof. Analogously to Definition A.2.12, there is an adjoint construction to P 1ΨppGq,
based on the pushout:
Cp´1X‚
d0 //

CpX‚
d0 //

Cp`1X‚

ConepCp´1X‚q // &pX‚
pd0q1 // Cone1&pX‚
with a canonical map &pX‚
pd0q1
ÝÝÝÑ Cone1&pX‚ that induces ψ. An argument as
in the proof of Lemma A.2.13(3) shows that ψ is a morphism of homotopy group
objects. 
Lemma A.2.20. The map ψ is Reedy equivalent to a G-fibration.
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Proof. We extend the left part of A.2.18 to the following commutative diagram:
∆p`10 pcGq ˆ∆
p´1
0 pcΩGq
q //
–

ΩppcGq ˆ∆p´10 pcΩGq
//
ρ

∆p´10 pcΩGq
j

P 1ΨppGq
ψ //

ΨppGq
ζ //
τ

Ω¯p´2pcΩGq
σ

∆p`10 pcGq
d0 // ∆p0pcGq
i˚p // Ωp´1pcGq
The map j is the inclusion of fibpσq – fibpe1q into the total space. Hence, the
composite of the right vertical maps is constant. It follows that the top right
square is a (Reedy homotopy) pullback (using Remark A.2.11).
We claim that the map ψ is Reedy equivalent to a G-fibration. The top map q is
the product pi˚p`1, idq, so it is a G-fibration. Therefore it suffices to show that ρ is
Reedy equivalent to a G-fibration. Composing with the Reedy equivalence ω (see
Definition A.2.3), we obtain a diagram as follows:
ΩppcGq ˆ∆p´10 pcΩGq
c //
ρ
!!❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇
E //
ρ1

∆p´10 pcΩGq

Ω¯p´2pcΩGq
ω»

ΨppGq
ω˝ζ // Ωp´2pcΩGq
where E denotes the pullback of the square. The right vertical composition is i˚p´1
and therefore it is a G-fibration. It follows that the induced map ρ1 is a G-fibration.
Moreover, the square is a Reedy homotopy pullback by Remark A.2.11. Since ω
is a Reedy equivalence, the induced map c (from the Reedy homotopy pullback of
the top right square of the first diagram in this proof) to E is a Reedy equivalence.
This achieves the desired factorization of ρ and completes the proof. 
Proposition A.2.21. There are natural isomorphisms of H-algebras
πprX
‚, Gs – rX‚,ΨppGqscMG
for all p ě 2.
Proof. Since ΨppGq is G-fibrant, the canonical map
π : rX‚,ΨppGqscMReedy Ñ rX
‚,ΨppGqscMG
is surjective and a group homomorphism by Lemma A.2.13. By Lemma A.2.19, ψ
induces a group homomorphism ψ˚ in the sequence
rX‚, P 1ΨppGqscMReedy
ψ˚
ÝÝÑ rX‚,ΨppGqscMReedy
π
ÝÑ rX‚,ΨppGqscMG Ñ 0.
Since P 1ΨppGq is G-trivial by Lemma A.2.17, one deduces that ψ˚ maps into the ker-
nel of π. Since, moreover, ψ is Reedy equivalent to a G-fibration by Lemma A.2.20,
it can be shown easily that ψ˚ maps onto the kernel of π. So the sequence is exact.
Recall the isomorphisms
rX‚,∆p`10 pcGqscMReedy – rC
p`1X‚, GsM˚ – Np`1rX
‚, GsM
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from A.1.10 and A.1.16 for Reedy cofibrant X‚. They yield the following left hand
square
rX‚, P 1ΨppGqscMReedy
ψ˚ //

rX‚,ΨppGqscMReedy
π //
ϑ A.2.13

rX‚,ΨppGqscMG //
ϑ1
✤
✤
✤
0
Np`1rX
‚, GsM // ZprX‚, GsM // πprX‚, Gs // 0
where left vertical map is induced, using Lemma A.2.17, by the projection
P 1ΨppGq – ∆p´10 pcΩGq ˆ∆
p`1
0 pcGq Ñ ∆
p`1
0 pcGq
and the lower horizontal map is the canonical one. Commutativity of this square
follows since the left square in (A.2.18) commutes. We prolong the square to the
displayed morphism of exact sequences. The map ϑ is surjective by Lemma A.2.13.
So the induced map ϑ1 between cokernels is surjective as well.
The left vertical map is surjective because it is a projection. We are going to
prove ker ϑ Ă imψ˚. First, one notes ker ϑ “ ker τ˚ where τ˚ is part of the long
exact sequence
Np´1rX
‚,ΩGsM
b
ÝÑ rX‚,ΨppGqscMReedy
τ˚
ÝÑ NprX
‚, Gs
d0
ÝÑ Np´1rX
‚, Gs
as shown in Lemma A.2.13. Then the left square in (A.2.18) yields ker τ˚ “ im b Ă
imψ˚. Finally, a short diagram chase shows that ϑ
1 is also injective. 
We now have to promote the isomorphism of H-algebras to one of π0-modules.
Lemma A.2.22. For all p ě 2, the isomorphism from Proposition A.2.21
πprX
‚, Gs – rX‚,ΨppGqscMG
is an isomorphism of π0-modules.
Proof. First, we need to explain the π0-module structure on the right. This is
obtained from a split G-fiber sequence
(A.2.23) ΨppGq Ñ Ψp`pGq
ð
ÝÑ cG.
The total object Ψp`pGq is defined by the following pullback:
Ψp`pGq
ζ` //

P4 //

P3
e1

pcGq∆
p
0 // pcGqS
p // pcGq∆
p´1
0
(A.2.24)
This diagram is obtained from Diagram (A.2.14) and the terms P4 and
P3 » cGˆ
pcGq∆
p´1
0
cPathpGq∆
p´1
0 » cG
were constructed in the proof of Corollary A.2.9. The map on the right is induced
by ev1 : PathpGq Ñ G. In this way we obtain the required fiber sequence (A.2.23)
and therefore an associated π0-module structure on rX
‚,Ψpp´qs.
Our task is to check that this module structure agrees with the π0-module struc-
ture on πprX
‚, Gs as defined in Example 3.2.9. To do so we start by discussing the
necessary analogues of Lemma A.2.13(3) and (4) for the object Ψp`pGq. Consider
100 GEORG BIEDERMANN, GEORGIOS RAPTIS, AND MANFRED STELZER
the Mayer-Vietoris long exact sequence for the functor rX‚,´scMReedy associated
to the composite pullback square A.2.24:
¨ ¨ ¨ Ñ rX‚,Ψp`pGqs Ñ rX
‚, cG∆
p
0 s ‘ rX‚, cGs
η
Ñ rX‚, cG∆
p´1
0 s Ñ . . .
where each term denotes homotopy classes of maps in the Reedy model structure.
Let Zp`rX
‚, Gs :“ kerpηq. Then we have a surjective homomorphism
θ` : rX
‚,Ψp`pGqs Ñ Zp`rX
‚, Gs
which is compatible with the surjective homomorphism θ from Lemma A.2.13 and
with the projections onto rX‚, cGs. Note that:
rX‚, cG∆
p
0 s – NprX
‚, Gs ‘ rX‚, cGs
and therefore
Zp`rX
‚, Gs – ZprX
‚, Gs ‘ rX‚, cGs.
Similarly to the proof of Proposition A.2.21, θ` induces a homomorphism
θ1` : rX
‚,Ψp`pGqscMG Ñ π0Ω
p
`rX
‚, Gs
which is again compatible with θ1 and with the projections onto rX‚, cGscMG , i.e.,
the following diagram commutes:
0 // rX‚,ΨppGqscMG //
θ1–

rX‚,Ψp`pGqscMG //
θ1`

rX‚, cGscMG
–

// 0
0 // πprX‚, Gs // π0Ω
p
`rX
‚, Gs // π0rX‚, Gs // 0
This diagram is natural in G and therefore the two π0-module structures agree. 
Proposition A.2.25. The spiral exact sequence
. . .Ñ π62pX
‚, Gq Ñ π2rX
‚, Gs Ñ π60pX
‚,ΩGq Ñ π61pX
‚, Gq,
is obtained from the homotopy fiber sequence
Ψ20pGq
ζ
ÝÑ Ω¯0cΩG
σ
ÝÑ Ω1cG
by applying the functor rX‚,´scMG .
Proof. Note first that this is indeed a homotopy fiber sequence in the resolution
model category (see Definition A.2.10)and therefore yields a long exact sequence
after applying the functor rX‚,´scMG . We compare this with the spiral exact
sequence using the identification in Proposition A.2.21.
In order to make the comparison, we need to show a comparison map first.
Equivalently, we need to show that the map ζ : ΨppGq Ñ Ω¯p´2cΩG really induces
the boundary map b in the spiral exact sequence. Going back to the proof of
Theorem A.1.17, we recall the isomorphism
πprX
‚, Gs – ker trCpX‚, Gs Ñ rCp´1X‚, Gsu{ imtrCp`1X‚, Gs Ñ rCpX‚, Gsu.
The boundary map
bp,0 : πprX
‚, Gs Ñ π6p´2pX
‚,ΩGq
is induced (and well-defined) by the map d0 : Zp´1X‚ Ñ CpX‚ to
π
6
p´2pX
‚,ΩGq – imβp´2,1 – coker δp´1,1 – ker trZ
p´1X‚, Gs Ñ rCp´1X‚, Gsu.
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To see that this is induced by ζ we refine the diagram in Lemma A.2.19 using
Diagram (A.2.18): let the left hand side in
Cp´1X‚ //

Zp´1X‚ //

CpX‚

ConepCp´1X‚q // ΣΣ¯p´2X‚
ζ: // &pX‚
be a pushout. It is easy to see that ζ: and ζ are adjoint to each other. Unravelling
the meaning of these pushouts, it follows that ζ: induces b. 
Corollary A.2.26. The boundary map b in the spiral exact sequence is a π0-module
map.
Proof. In Proposition A.2.25, we identified the boundary map b with the map in-
duced by ζ : ΨppGq Ñ Ω¯p´2cΩG. Moreover, we showed in the proof of Lemma A.2.22,
precisely in Diagram (A.2.24), that this map is induced by a map of split fiber se-
quences over cG,
ζ` : Ψ
p
`pGq Ñ P4.
These results imply the required description of b as a π0-module map. 
Together, Corollaries A.2.2, A.2.9 and A.2.26 imply
Theorem A.2.27. The spiral exact sequence is a long exact sequence of π0-modules.
A.3. The spiral spectral sequence. The spiral exact sequence can be derived
further and yields the spiral spectral sequence.
Corollary A.3.1. The spiral spectral sequence takes the form
E2p,qpGq “ πprX
‚,ΩqGs and dp,q2 pGq : πprX
‚,ΩqGs Ñ πp´2rX
‚,Ωq`1Gs
The differential dp,q2 is a morphism of H-algebras. The terms E
r
p,q form π0-modules
and drp,q are morphisms of π0-modules. If every G admits deloopings Ω
qG in G, for
q ă 0, then the spectral sequence converges strongly to colimk π
6
p`kpX
‚,Ωq´kGq.
Proof. The differential d2 is anH-algebra map by Proposition A.2.25 and even more
a π0-module morphism by Theorem A.2.27. Strong Convergence is to be understood
in the sense of [10, Definition 5.2] and is proved there in Theorem 6.1(a). 
Lemma 2.11 from [14] constructs a natural isomorphism
TothomextpK,Y ‚q – homMpK,TotY
‚q
for all K in S and Y ‚ in cM. This yields an isomorphism
Tot
`
KpY ‚q
˘
– homM˚pK,TotY
‚q,
when both K and Y ‚ are pointed. Consequently,
TotpΩpextcΩ
qGq – Ωp`qG
for all G P G. Because Tot is a right Quillen functor for the G-resolution model
structure by Proposition 2.2.5, there is a map
tp,q : π
6
ppX
‚,ΩqGq – rX‚,ΩpcΩqGscMG Ñ rTotX
‚,Ωp`qGs,
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which is compatible with the shift maps, i.e., there is a commutative diagram
π6ppX
‚,ΩqGq
sp,q //
tp,q ++❱
❱❱❱❱❱
❱❱❱
π
6
p`1pX
‚,Ωq´1Gq
tp`1,q´1
ss❣❣❣❣❣
❣❣❣❣
rTotX‚,Ωp`qGs
.
Commutativity can be shown with the span from Definition A.2.7. One would like
to relate the terms colimk π
6
p`kpX
‚,Ωq´kGq and rTotX‚,Ωp`qGs and prove the
convergence of the spiral spectral sequence to the latter object. Such statements
are hard to come by in this generality, but in the case of cosimplicial spaces and
F-GEMs, there are well-known convergence theorems (see also Subsection B.5).
Appendix B. Hun-algebras and unstable algebras
In Subsection 4.1, we recalled the definition and discussed some basic properties
of unstable coalgebras. As explained there, these form a natural target category
for singular homology with coefficients in Fp or Q. Dually, unstable algebras form
a natural target category for singular cohomology with coefficients in Fp. For
precise definitions, we refer the reader to [54, 1.3 and 1.4]. Let UA be the category
of unstable algebras and Uℓ the abelian category of unstable left modules. The
rational case contains some surprisingly subtleties and will be discussed separately
in Subsection B.4.
The main result of this appendix is Theorem B.3.3 which characterizes unstable
algebras as product-preserving functors on the homotopy category of finite F-GEMs.
This result is mentioned in [9, 2.1.1 and 5.1.5] and a somewhat different proof in
the case of connected unstable algebras can be found in [4]. So this appendix
makes no claim to originality. We provide a detailed proof of the result mainly for
completeness, since this characterization is used frequently in the paper in order to
connect the structure of the general spiral exact sequence from Appendix A with
the realization problem for an unstable coalgebra.
B.1. The cohomology of Eilenberg-MacLane spaces. Let F “ Fp be a fixed
prime field of positive characteristic. Let us abbreviate the notation for Eilenberg-
MacLane spaces and write Kn “ KpFp, nq for n ě 0.
For n ą 0, Cartan’s computation [16] of the Fp-cohomology of Kn yields
(B.1.1) H˚pKnq – UpLpFprnsqq,
where U : Uℓ Ñ UA is the free unstable algebra functor, L : Vec Ñ Uℓ is the
Steenrod-Epstein functor which is left adjoint to the forgetful functor, and Fprns is
the graded vector space consisting of a copy of Fp in degree n and 0 otherwise.
The isomorphism holds also for n “ 0. We have isomorphisms of algebras
H0pK0q “ H
0pKpFp, 0q,Fpq – HomSetpFp,Fpq – Fprxs{px
p ´ xq,
and the right side is the free p-Boolean algebra on a single generator. We recall
that an Fp-algebra A is called p-Boolean if it satisfies x
p “ x for all x P A. By
definition, every unstable algebra over Ap is p-Boolean in degree 0. Therefore, we
have for all A P UA natural isomorphisms
HomUApH
˚KpFp, 0q, Aq – HomAlgFp pFprxs{px
p ´ xq, A0q – A0,
and consequently, (B.1.1) holds also for F “ Fp and n “ 0.
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Altogether this says that the Fp-cohomology of Kn is the free unstable algebra
on one generator in degree n. Equivalently said, we have established the following
Proposition B.1.2. For all primes p and n ě 0, there is a natural isomorphism
HomUApH
˚pKpFp, nqq, Aq – A
n.
Remark B.1.3. A similar natural isomorphism holds also in the category of aug-
mented unstable algebras. Let pH˚pKpFp, nqq, ǫq be the augmented unstable alge-
bra H˚pKpFp, nqq with augmentation ǫ : H
˚pKpFp, nqq Ñ Fp defined by the base-
point of KpFp, nq. Here Fp denotes the unstable algebra which is Fp in degree 0
and trivial elsewhere. Then for every augmented unstable algebra pA, ǫAq, there is
a natural isomorphism
HomUAaugpH
˚pKpFp, nqq, Aq – A¯
n
between morphisms of augmented unstable algebras and elements in the kernel A¯
of the augmentation ǫA : AÑ Fp. This is obvious for n ą 0 and it follows easily by
inspection of the isomorphisms above for n “ 0.
B.2. Algebraic theories. We review some definitions and results about algebraic
theories from the monograph by Ada´mek, Rosicky´, and Vitale [1].
Definition B.2.1. A small category D is sifted if finite products in Set commute
with colimits over D.
Definition B.2.2. An object A in a category A is perfectly presentable if the
functor HomApA,´q : AÑ Set commutes with sifted colimits.
The following fact is proved in [1, Theorem 7.7] where also a reference to a more
general statement is given.
Theorem B.2.3. A functor between cocomplete categories preserves sifted colimits
if and only if it preserves filtered colimits and reflexive coequalizers.
Definition B.2.4. An algebraic theory is a category T with finite products. A
T -algebra is a set-valued functor from T preserving finite products. A morphism
of T -algebras is a natural transformation of functors. The respective category will
be denoted by T -Alg.
Definition B.2.5. If F is a set of objects in a category A, we use the same symbol
F to denote the associated full subcategory of A. Its opposite category is written
Fop and SetF
op
is the category of contravariant set-valued functors from F . A set
F of objects in a category A is called a set of strong generators for A if the functor
hF : AÑ Set
F
op
, A ÞÑ HomAp´, Aq
is faithful and reflects isomorphisms.
Now suppose that F is closed under finite coproducts in A. Note that hFpAq “
HomAp´, Aq sends coproducts in F to products. Put differently, for each A the
functor hFpAq : F
op Ñ Set preserves products and therefore it is an Fop-algebra.
Thus, we actually obtain a functor
(B.2.6) hF : AÑ F
op-Alg
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Theorem B.2.7 (Ada´mek-Rosicky´-Vitale[1]). Suppose that the category A is co-
complete and has a set F of perfectly presentable strong generators which is closed
under finite coproducts. Then A is equivalent, via the functor hF , to the category
of Fop-algebras.
Proof. See [1, Theorem 6.9]. 
B.3. Unstable algebras are Hun-algebras. For n ě 0 and some fixed prime p
let G be the set of Eilenberg-MacLane spaces Kn “ KpFp, nq. Let Hun be the full
subcategory of the homotopy category of spaces whose objects are finite products of
objects in G. These objects are called finite Fp-GEMs. The use of the letters G and
Hun here is consistent with Subsections 3.2 and A.2. In particular, Definitions 3.2.1
and B.2.4 coincide; an Hun-algebra is a product-preserving functor from finite Fp-
GEMs to sets. Let us consider the full subcategory spanned by the set of objects
F “ tH˚pKq | K P Hunu “ H
˚pHunq Ă UA
Then the representing property (4.2.4) of Eilenberg-MacLane spaces gives an iso-
morphism of categories H˚ : Hopun
–
ÝÑ F . We note that F is obtained from
E “ tH˚pKpFp, nqq |n ě 0u
by completing with respect to finite products, in the same way that Hun is obtained
from G.
Lemma B.3.1. For F “ Fp and every n ě 0, H
˚pKnq is a perfectly presentable
object in UA.
Proof. By Theorem B.2.3 it suffices to show that the representable functor
HomUApH
˚pKnq,´q : UAÑ Set
preserves filtered colimits and reflexive coequalizers for all n ě 0. We have seen in
Proposition B.1.2 that for all Fp and n ě 0, this representable functor is isomorphic
to the functor D ÞÑ Dn. This clearly preserves filtered colimits. Let Q denote the
colimit of the reflexive coequalizer diagram in UA,
(B.3.2) D
α
,,
β
22 Eσ
oo //❴❴❴ Q.
The remaining question is whether Qn is a coequalizer of the induced diagram in
Set,
Dn
αn
,,
βn
22 Enσn
oo //❴❴❴ Qn.
Let Q1 denote the colimit of Diagram (B.3.2) in graded sets. We will show that Q1
is naturally an unstable algebra and has the necessary universal property in UA.
For each d P D, we set ιpdq “ d´ σαpdq. Then ι is an idempotent morphism of
unstable left modules and there is a splitting in Uℓ
D – E ‘ V
with
E – im σ “ ker ι and V “ im ι “ ker α.
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Under the splitting, α corresponds to the projection onto E. There exists a map
β1 : V Ñ E of unstable left modules such that β can be written as idE ` β
1. Since
α is an algebra map, products of the form ev with e P E and v P V “ ker α are in
V . The set quotient
Q1 – E{pe „ e` β1pvqq
is the same as the quotient in Uℓ. Moreover,Q1 carries an algebra structure inherited
from E as one checks that this is well-defined on representatives. Thus, Q1 is an
object of UA. The universal property can now be verified easily. 
Definition B.2.6 provides a functor hF : UA Ñ F
op-Alg that we can compose
with the isomorphism Hun – F
op to obtain a functor
h : UAÑ Hun-Alg.
Theorem B.3.3. For F “ Fp the functor h is an equivalence of categories.
Proof. It is clear that the set tH˚pKnq | n ě 0u is a set of strong generators for UA.
Lemma B.3.1 demonstrates that all its objects are perfectly presentable. In partic-
ular, F is a set of strong generators for UA which is closed under finite coproducts
and whose elements are perfectly presentable. It follows from Theorem B.2.7 that
h is an equivalence from UA to Fop-algebras. Finally, cohomology provides an
isomorphism Fop – Hun. 
Let H denote the full subcategory of the homotopy category of pointed spaces
whose objects are finite Fp-GEMs with basepoint given by the additive unit using
Assumption 3.1.1(2). The notation coincides with Definition 3.2.2.
Remark B.3.4. Using Remark B.1.3, similar arguments show an equivalence be-
tween the category UAaug of augmented unstable algebras (or non-unital unstable
algebras) and the category of H-algebras. Note that every H-algebra lifts uniquely
to a product-preserving functor with values in pointed sets (see Remark 3.2.3). Us-
ing Theorem B.3.3, UAaug is also equivalent to the slice categoryHun-Alg{Pt where
Pt denotes the Hun-algebra which is corepresented by ∆
0. Note that the functor
u that we are going to define below admits an analogous version in the setting of
H-algebras and yields an inverse equivalence with UAaug (or non-unital unstable
algebras).
It is useful to describe an inverse functor to h. Consider the inclusion functor
i : Hopun – F Ñ UA
and its left Kan extension
u “ Li : Hun-AlgÑ UA
along the Yoneda embedding Hopun Ñ Hun-Alg. In the proof of Theorem B.2.7
(see [1, Theorem 6.9]), it is shown that Li is an equivalence and an inverse to h.
Moreover, the functor u is naturally isomorphic to
F P Hun-Alg ÞÑ tF pKnquně0,
where the graded set tF pKnquně0 together with all the operations induced by
Hun defines an unstable algebra. The abelian group structure of Kn P HopSq
induces an abelian group structure on F pKnq. Moreover, the morphisms of Hun
that correspond to cohomology classes of finite Fp-GEMs endow this graded abelian
group with an algebra structure and an action by the Steenrod algebra. To verify
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the identification of the functor u, consider the following commutative diagram of
functors:
Hun-Alg
Li“u

Gop
Ă // Hopun
y 55❧❧❧❧❧❧
i ))❙❙
❙❙❙❙
❙❙
UA
By [1, Proposition 4.13], the Yoneda embedding is a cocompletion under sifted col-
imits. Hence, to identify upF q, it suffices to examine only the representable functors
F coming from Hun. By the Ku¨nneth theorem, it further suffices to examine only
representable functors coming from G. But now we see that for all m ě 0
upypKmqq – tH
npKmquně0.
Thus, we have proved
Corollary B.3.5. Let F be a prime field of positive characteristic. The functor
u : Hun-AlgÑ UA , upF q “ tF pKnquně0
is an inverse equivalence to h.
Example B.3.6. LetX be a space. TheHun-algebra rX,Gsmay be identified with
the unstable algebra H˚pXq using the evaluation functor in the previous corollary.
Similarly, for a cosimplicial space X‚ the Hun-algebra π0rX
‚, Gs becomes an un-
stable algebra. This is a direct consequence of Theorem B.3.3.
The identification of the π0-modules G ÞÑ πsrX
‚, Gs for s ě 1 (Example 3.2.9)
recovers a familiar structure as well.
Proposition B.3.7. Let M be a module over the Hun-algebra A in the sense of
Definitions 3.2.5 and 3.2.6. Then upMq is a module over the unstable algebra upAq.
Furthermore, for s ě 1, the functor h identifies the π0H
˚pX‚q-module πsH
˚pX‚q
with the π0rX
‚,´s-module πsrX
‚,´s.
Proof. First note that upMq defines an unstable module since M is the kernel of
an abelian object in Hun-Alg{A. For each map f : G1 Ñ G2 in Hun, one obtains
an action map
φf : ApG1q ˆMpG1q ÑMpG2q
and the collection of these maps satisfies certain compatibility requirements (see
Definition 3.2.6). These define an upAq-action on upMq which makes it into an
upAq-module.
Now set A “ rX‚,´s and M “ ΩsrX‚,´s. By Theorem B.3.3 and Corol-
lary B.3.5, we can identify the unstable algebra π0H
˚pX‚q with the Hun-algebra
π0rX
‚, Gs. Recall that the fiber sequence (Example (3.2.9)):
ΩsrX‚, Gs Ñ Ωs`rX
‚, Gs Ñ rX‚, Gs
admits a section which is induced by the constant map c : ∆s{B∆s Ñ ˚ and this
determines an isomorphism
rX‚, Gs ˆ ΩsrX‚, Gs – Ωs`rX
‚, Gs.
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Consider the map µ : KmˆKn Ñ Km`n which sends the fundamental classes of
the factors in the domain to the fundamental class in the target. Then the action
of π0A on π0M is induced by the following composition of maps:
rX‚,Kms ˆ Ω
srX‚,Kns Ñ Ω
s
`rX
‚,Kms ˆ Ω
s
`rX
‚,Kns “
“Ωs`rX
‚,Km ˆKns
µ˚
ÝÑ Ωs`rX
‚,Km`ns Ñ Ω
srX‚,Km`ns.
(B.3.8)
On the other hand, the action of π0H
˚pX‚q on πsH
˚pX‚q is induced by the fol-
lowing composition:
(B.3.9) HmpX0q ˆHnpXsq Ñ HmpXsq ˆHnpXsq Ñ Hm`npXsq
where the first map comes from the unique degeneracy map and the last map is given
by the cup product. It is straightforward to check that these actions correspond to
each other if we represent classes in π0A and π0M by elements in H
˚pX0q and in
H˚pXsq, respectively. 
B.4. Unstable algebras, rationally. At least in positive degrees, this case is
much simpler and most of the above applies similarly, since there are no non-trivial
unary cohomology operations rationally. Let us write Kn “ KpQ, nq, n ě 0, for
the corresponding Eilenberg-MacLane space.
For n ą 0, the computation of the Q-cohomology of Kn yields
(B.4.1) H˚pKnq – UpQrnsq,
where Up´q is the free graded commutative algebra functor. As a consequence,
Proposition B.1.2 holds in this case as well.
However, there is a subtlety regarding the structure of a rational unstable algebra
in degree 0. On the one hand, there is no obvious analogue of the p-Boolean
property, and on the other hand, the rational cohomology of a space is set-like, i.e.
isomorphic to the Q-algebra QX of functions X Ñ Q for some set X – which is also
the dual algebra of the set-like Q-coalgebra on X (cf. Definition 4.1.5).
The problem with simply defining rational unstable algebras to be non-negatively
graded commutative Q-algebras that are set-like in degree 0 is that the resulting
theory is not algebraic in the sense of Theorem B.3.3. To see why this definition
does not lead to an algebraic theory, we apply a result of Heyneman and Radford
in [35, 3.7], which says that for a reasonable set X , the algebra QX is (co)reflexive,
that is, the canonical map to the finite (or restricted) dual of QX ,
QpXq Ñ HomSetpX,Qq
˝,
is an isomorphism of Q-coalgebras. We recall that
p´q˝ : AlgopQ Ñ CoalgQ
is the right adjoint of the functor p´qv : CoalgQ Ñ Alg
op
Q , taking a coalgebra to
its linear dual algebra. See [60, Chapter IV] for a good account of the general
properties of this functor. As a consequence, we have isomorphisms
HomAlgQpQ
X ,QY q – HomCoalgQpQpY q,QpXqq – HomSetpY,Xq
showing that Setop (for reasonable sets) is equivalent to set-like algebras and thus
the degree 0 part of the proposed definition is not algebraic.
In relation to this we note several amusing facts. The isomorphisms above show
that H˚pK0q satisfies Proposition B.1.2 if A
0 is set-like. However, the set-like prop-
erty is not preserved under filtered colimits. It follows that H0pK0q is not perfectly
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presentable in the category of set-like Q-algebras. Curiously though, mapping out
of H0pK0q to set-like Q-algebras preserves reflexive coequalizers.
Even in positive characteristic the relation between the p-Boolean and set-like
properties is not absolutely tight; for example, the free p-Boolean Fp-algebra on
countably many generators is not set-like. There is, however, a duality theorem
saying that a p-Boolean algebra A is isomorphic to the algebra of continuous Fp-
valued maps on SpecpAq, see [37, Appendix].
Let GQ denote the set of Eilenberg-MacLane spaces Kn “ KpQ, nq for n ě 0,
and let Hun,Q be the full subcategory of the homotopy category of spaces whose
objects are the finite products of objects in GQ. As before, Hun,Q is an algebraic
theory. Motivated especially by Theorem B.3.3, the following definition takes into
account all these issues and is particularly suitable to our purposes.
Definition B.4.2. An unstable Q-algebra is an Hun,Q-algebra.
Besides its intrinsic interest, the functorial point of view via algebraic theories,
is also desirable here in order to enable, also in the rational case, a nice translation
of the approach of Appendix A into the language of unstable (co)algebras. Note
that this definition is formally the same as in the case of positive characteristic.
Example B.4.3. A set-like Q-algebra admits an obvious action from the algebra
H0pK0q, the Q-algebra of functions QÑ Q. In particular, the dual of an unstable
Q-coalgebra (Def. 4.1.5 ) is an unstable Q-algebra in the sense of Definition B.4.2.
Example B.4.4. Let X be a space. The rational singular cohomology produces
an unstable Q-algebra as follows,
GQ Ñ Set , G ÞÑ rX,Gs.
Similarly, for a cosimplicial space X‚, we have an unstable Q-algebra
G ÞÑ πsrX
‚, Gs.
We note that
π0pH
˚pX‚qq0 “ coeq
`
H0pX1q Ñ H0pX0q
˘
is actually again set-like.
B.5. The cohomology spectral sequence. Let us return to the spiral spectral
sequence, which was introduced in Subsection A.3 for a general resolution model
category, and specialize to M being the category of spaces, and G “ tKpF, nq |n ě
0u where F is any prime field. The reindexed E2-page for G “ KpF, nq is identified
as
E2s,t – πsH
n´tpX‚q.
The exact couple (A.1.12) of H-algebras
. . .Ñ rZm´1X‚,Ωq`1Gs Ñ rZmX‚,ΩqGs Ñ rCmX‚,ΩqGs Ñ rZm´1X‚,ΩqGs Ñ . . .
is obtained by passing from homology to cohomology in Rector’s construction of the
homology spectral sequence [51]. Consequently, the spiral spectral sequence is, up
to re-indexing, the linear dual of the homology spectral sequence of the cosimplicial
spaceX‚. In case the terms of the spectral sequence are all of finite type, the strong
convergence results of Bousfield [12, Theorem 3.4] and Shipley [57, Theorem 6.1]
for the homology spectral sequence imply analogous results for the convergence of
the cohomology spectral sequence to H˚pTotfpX‚qq.
THE REALIZATION SPACE OF AN UNSTABLE COALGEBRA 109
From results proved in Subsection A.2, and the identification in Proposition B.3.7,
we obtain the following
Proposition B.5.1. The cohomology spectral sequence of a cosimplicial space X‚
is a spectral sequence of π0H
˚pX‚q-modules.
Appendix C. Moduli spaces in homotopy theory
The approach to moduli spaces that we take in this paper follows and makes
essential use of various results from a series of papers by Dwyer and Kan. In this
appendix, we recall the necessary background material and give a concise review of
those results that are required in the paper. The interested reader should consult
the original papers for a more complete account [20, 21, 22, 23] and [8].
C.1. Simplicial localization. Let pC,Wq be a small category C together with a
subcategory of weak equivalences W which contains the isomorphisms. In their sem-
inal work, Dwyer and Kan introduced two constructions of a simplicially enriched
category associated to pC,Wq. Each of them is a refinement of the passage to the
homotopy category CrW´1s, which is given by formally inverting all weak equiva-
lences, and they uncover in a functorial way the rich homotopy theory encoded in
the pair pC,Wq.
The simplicial localization LpC,Wq [22] is defined by a general free simplicial
resolution
LpC,Wqn “ FnCrpFnWq
´1s
where n indicates the simplicial degree and Fn denotes the free category functor
iterated n ` 1 times. As the simplicial set of objects is constant, LpC,Wq is a
simplicially enriched category. We will follow the standard abbreviation and simply
call such categories simplicial.
The following fact, saying that the simplicial localization preserves the homotopy
type of the classifying space, will be useful.
Proposition C.1.1 (Dwyer-Kan [22]). There are natural weak equivalences of
spaces
BC
„
Ð BpF‚Cq
„
Ñ BpLpC,Wq‚q.
Proof. See [22, 4.3]. 
Remark C.1.2. As a side remark on the last proposition, we like to note that in
the equivalent context of 8-categories, one may regard the simplicial localization
as given by taking a pushout along a disjoint union of copies of the inclusion of
categories
p‚ Ñ ‚q Ñ p‚ Õ ‚q,
one for each morphism in W . Since this inclusion is a nerve equivalence (but not
a Joyal equivalence), it follows that the homotopy type of the classifying space is
invariant under such pushouts.
On the other hand, we also have the hammock localization LHpC,Wq [21, 3.1],
[23] whose morphisms in simplicial degree n are given by “reduced hammocks of
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width n”:
˚
„

˚
„

¨ ¨ ¨ ˚
„

˚
„

˚
„

˚
„

¨ ¨ ¨ ˚
„

˚
„

‚
✏✏✏✏✏✏✏✏✏✏✏✏✏✏✏
✄✄✄✄✄✄✄✄
❀❀
❀❀
❀❀
❀❀
✳✳
✳✳
✳✳
✳✳
✳✳
✳✳
✳✳
✳
...
„

...
„

...
...
„

...
„

‚
✏✏
✏✏
✏✏
✏✏
✏✏
✏✏
✏✏
✏
✄✄
✄✄
✄✄
✄✄
❀❀❀❀❀❀❀❀
✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳
˚
„

˚
„

¨ ¨ ¨ ˚
„

˚
„

˚ ˚ ¨ ¨ ¨ ˚ ˚
This diagram shows n composable morphisms between zigzag diagrams in pC,Wq
of the same shape, the same source and target, and whose components are weak
equivalences. The horizontal morphisms in each column go in the same direction;
if they go to the left, then they are in W . Moreover, the horizontal morphisms in
adjacent columns go in different directions and no column contains only identity
maps.
This is a more explicit definition of a simplicial category and is often more
practical than the simplicial localization. The following proposition says that the
two constructions lead to weakly equivalent simplicially enriched categories, i.e.,
there is zigzag of functors which induces homotopy equivalences of mapping spaces
and equivalences of homotopy categories.
Proposition C.1.3 (Dwyer-Kan [23]). There are natural weak equivalences of sim-
plicial categories
LHpC,Wq
„
Ð diagLHpF‚C, F‚Wq
„
Ñ LpC,Wq.
Proof. See [23, 2.2]. 
C.2. Models for mapping spaces. If the pair pC,Wq is part of a simplicial model
category structure on C, the simplicial enrichment of LHpC,Wq agrees up to homo-
topy with the (derived) mapping spaces of the simplicial model category.
Theorem C.2.1 (Dwyer-Kan [21]). Let C be a simplicial model category with weak
equivalences W and X,Y P C where X is cofibrant and Y is fibrant. Then there is
a weak equivalence
LHpC,WqpX,Y q » mapCpX,Y q
which is given by a natural zigzag of weak equivalences.
Proof. This is [21, 4.7] and is a special case of [21, 4.4]. The more general case
applies also to non-simplicial model categories with mapp´,´q replaced in this case
by a functorial choice of derived mapping spaces defined in terms of (co)simplicial
resolution of objects. 
Remark C.2.2. There are some obvious set-theoretical issues which need to be
addressed here in order to extend the hammock localization to non-small categories
such as model categories. We refer the reader to [21] for the details.
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There is no direct way to compare the compositions in the simplicial category of
cofibrant-fibrant objects Ccf‚ and the hammock localization L
HpCcf ,Wq. However,
there is a strengthening of Theorem C.2.1 (see [21, 4.8]) which says in addition that
the weak equivalences of mapping spaces can be upgraded to a weak equivalence
of simplicial categories. To achieve such a comparison, one considers the hammock
localization applied degreewise to Ccf‚ . Then it is easy to see that that the obvious
functors
(C.2.3) Ccf‚
„
Ñ diagLHpCcf‚ ,W‚q
„
Ñ diagLHpC‚,W‚q
„
Ð LHpC,Wq
are weak equivalences of simplicial categories.
In the presence of a homotopy calculus of fractions, the shapes of zigzag diagrams
appearing in the definition of the hammock localization can be reduced to a single
zigzag shape of arrow length 3. Although this reduction does not respect the
composition in the category, which is given by concatenation and thus increases
the length of the hammock, this reduction is useful in obtaining smaller models for
the homotopy types of the mapping spaces.
Let MAPpX,Y q denote the (geometric realization of the) subspace of the map-
ping space LHpC,WqpX,Y q, which is defined by 0-simplices of the form
X
„
Ð ‚ Ñ ‚
„
Ð Y.
More precisely, WHompX,Y q will denote the category of such zigzag diagrams from
X to Y and weak equivalences between them, andMAPpX,Y q its classifying space.
Proposition C.2.4 (Dwyer-Kan [23]). Let C be a model category with weak equiv-
alences W and X,Y P C. Then there is a natural weak equivalence
MAPpX,Y q » LHpC,WqpX,Y q.
Proof. See [23, 6.2 and 8.4]. 
Remark C.2.5. If X is cofibrant, then the smaller category WcHompX,Y q whose
objects are zigzags in which the first weak equivalence is the identity map has the
same homotopy type (see [23] and [18]). The analogous statement when Y is fibrant
also holds.
C.3. Moduli spaces. We now turn to the definition of moduli spaces. Let C be
a simplicial model category and X P C. Let WpXq denote the subcategory whose
objects are the objects of C which are weakly equivalent to X and the morphisms
are weak equivalences between them. The classifying space MpXq of the category
WpXq is called the moduli space for objects of type X . We remark that although
WpXq is not a small category, it is nevertheless homotopically small which suffices
for the purposes of extracting a well-defined homotopy type. We refer to [20, 21]
for more details related to this set-theoretical issue. Note that MpXq is always
path-connected.
Combining the previous results, we obtain the following theorem.
Theorem C.3.1 (Dwyer-Kan [20]). Let C be a simplicial model category and X P C
an object which is both cofibrant and fibrant. Then there is a weak equivalence
MpXq » BAuthpXq
which is given by a natural zigzag of weak equivalences.
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Proof. The combination of Propositions C.1.1 and C.1.3 gives a weak equivalence
MpXq » BpLHpWpXq,WpXqqq » BpLHpWpXq,WpXqqpX,Xqq.
The map of simplicial monoids
LHpWpXq,WpXqqpX,Xq // LHpC,WqpX,Xq
is the inclusion of those connected components whose 0-simplices define invertible
maps in the homotopy category (see [21, 4.6]). Then from Theorem C.2.1 and the
weak equivalences of (C.2.3), we can conclude the required weak equivalence
MpXq » BAuthpXq
by restriction to the appropriate components. 
The definition of moduli spaces clearly extends from objects to morphisms, or
more general diagrams, by looking at the corresponding model category of diagrams.
Following [8], for two objects X and Y in a model category C, we write
MpX ù Y q
for the classifying space of a category WpX ù Y q whose objects are maps
U Ñ V
where U is weakly equivalent to X and V is weakly equivalent to Y , and whose
morphisms are square diagrams as follows
U //
„

V
„

U 1 // V 1
where the vertical maps are weak equivalences. More generally, for every property φ
which applies to an object pU Ñ V q PWpX ù Y q and whose satisfaction depends
only on the respective component of WpX ù Y q, we define
MpX
φ
ù Y q
to be the classifying space of the corresponding subcategory. We can clearly com-
bine and extend these definitions to define also moduli spaces of more complicated
diagrams, e.g.,
MpZ
φ
ø X
φ1
ù Y q.
There are various maps connecting these moduli spaces. Among them, we dis-
tinguish the following two types of maps.
‚ Maps which forget structure, e.g., the mapMpX ù Y q ÑMpXqˆMpY q
which is induced by the obvious forgetful functor.
‚ Maps which neutralize structure, e.g., the map MAPpX,Y q Ñ MpX ù
Y q which is induced by the functor pX
„
Ð U Ñ V
„
Ð Y q ÞÑ pU Ñ V q.
The following theorem from [8] explains the relations between these types of
moduli spaces in some important exemplary cases.
Theorem C.3.2. Let C be a model category and X,Y, Z P C. Then:
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(a) The sequence
MAPpX,Y q ÑMpX ù Y q ÑMpXq ˆMpY q
is a homotopy fiber sequence.
(b) Suppose that MpZ
φ
ø X
φ1
ù Y q is non-empty. Then there is a homotopy
fiber sequence
MAPpX,Y ;φ1q ÑMpZ
φ
ø X
φ1
ù Y q ÑMpZ
φ
ø Xq ˆMpY q
where MAPpX,Y ;φ1q Ď MAPpX,Y q denotes the subspace of maps which
satisfy property φ1.
Proof. (Sketch) Part (a) is [8, Theorem 2.9], but the proof seems to contain an
error. A correction can be made following [18] where a similar error from [21] is
corrected. Consider the category WtwpX ù Y q whose objects are the same as the
objects of WpX ù Y q but morphisms are square diagrams as follows
U //
„

V
U 1 // V 1
„
OO
where both vertical maps are weak equivalences. Let MtwpX ù Y q denote the
classifying space of this category. Although there is no natural functor in general
that connects the categories WpX ù Y q and WtwpX ù Y q, nevertheless there
is a natural zigzag of weak equivalences
MpX ù Y q »MtwpX ù Y q.
To see this, consider an auxiliary double category W˝pX ù Y q defined as follows:
‚ the objects are the same as in WpX ù Y q,
‚ the horizontal morphisms are the morphisms of WpX ù Y q,
‚ the vertical morphisms are the morphisms of WtwpX ù Y q,
‚ the squares are those diagrams that make everything commute.
The nerve of this double category is a bisimplicial set. We write M˝pX ù Y q to
denote the realization of its diagonal. By construction, there are natural maps
MpX ù Y q ÑM˝pX ù Y q ÐM
twpX ù Y q
and an application of [18, Proposition 3.9] - or an obvious analogue - shows that
both maps are weak equivalences.
Similarly, we define WtwHompX,Y q to be the analogous variant of the category
WHompX,Y q where one of the maps has the opposite variance. Again, by [18], we
have a natural zigzag of weak equivalences:
(C.3.3) BpWtwHompX,Y qq »MAPpX,Y q.
Then it suffices to show that the sequence of functors
W
tw
HompX,Y q ÑW
twpX ù Y q ÑWpXq ˆWpY qop
induces a homotopy fiber sequence of classifying spaces. This is an immediate
application of Quillen’s Theorem B, as explained in [8, 2.9].
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The proof of (b) is similar (cf. [8, 2.11]). Consider the category WtwpZ
φ
ø
X
φ1
ù Y q which has the same objects as WpZ
φ
ø X
φ1
ù Y q but morphisms are
commutative diagrams of the form:
U
„

V
„

//oo W
U 1 Voo // W 1
„
OO
Using the methods of [18], it can be shown that these two categories have homotopy
equivalent classifying spaces. There is a forgetful functor
F : WtwpZ
φ
ø X
φ1
ù Y q ÑWpZ
φ
ø Xq ˆWpY qop.
Given pU Ð V,W q PWpZ
φ
ø XqˆWpY qop, the comma-category F Ó pU Ð V,W q
has as objects diagrams of the form:
U 1
„

V 1
„

//oo W 1
U Voo W
„
OO
It is easy to see that there are functors which induce a pair of inverse equivalences
WtwHompV,W q Ô F Ó pU Ð V,W q.
Then the required result is an application of Quillen’s Theorem B using (C.3.3) and
Theorems C.2.1 and C.2.4. 
C.4. A moduli space associated with a directed diagram. We discuss in
detail the case of a moduli space associated with a direct system of objects in a
model category. The diagrams that we actually have in mind for our applications
have the form of a dual Postnikov tower, but we will present the main result in
the general case of an arbitrary diagram. In the case of the model category of
simplicial sets, this result is a special case of the general theorem of [20], and in
fact the generalization to an arbitrary model category can also be treated similarly.
LetM be a simplicial model category. LetN denote the poset of natural numbers
and n the subposet t0 ă 1 ă ¨ ¨ ¨ ă nu. Given a diagram X : N Ñ M, let Xďn
denote its restriction to n. Two diagrams X,Y : N Ñ M are called conjugate if
their restrictions Xďn and Yďn are pointwise weakly equivalent. More generally,
given a small category C and diagrams X,Y : C Ñ M, these are called conjugate
if for every J : nÑ C the pullback diagrams X ˝ J and Y ˝ J are pointwise weakly
equivalent.
Let X : N Ñ M be a diagram. Consider the category ConjpXq of N-diagrams
in M whose objects are the conjugates of X and whose morphisms are pointwise
weak equivalences between conjugates. The moduli space of conjugates (called
classification complex in [20]) of X , denoted here by MconjpXq, is the classifying
space of the (homotopically small) category ConjpXq. Similarly we define moduli
spaces MconjpXq for more general diagrams X : C ÑM.
We have canonical compatible restriction maps:
rn : MconjpXq ÑMpXďnq » BAut
hpXďnq.
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The last weak equivalence comes from Theorem C.3.1 applied to the (Reedy) model
category Mn.
Theorem C.4.1 (after Dwyer-Kan [20]). Let M be a simplicial model category
and X : NÑM a diagram. Then there is a weak equivalence
MconjpXq
„
Ñ holimnMpXďnq.
Proof. Let C “
Ů
n n be the coproduct of the posets. There is a functor s : C Ñ C
which is given by the inclusion functors nÑ n` 1. The colimit of these inclusions
is N and there is a pushout
C \ C
id\id //
id\s

C

C // N
Let V “ pv0 Ñ v2 Ð v1q denote the zigzag poset with three elements. Consider
the pushout diagram
C \ C
f //
g

C ˆ V

C ˆ V // N7
where f (respectively g) sends the first copy of n to nˆ tv0u and the second copy
to n ˆ tv1u (respectively n` 1 ˆ tv1u). There is an obvious transformation from
the latter pushout square to the first one. This induces a transformation from the
following pullback diagram
(C.4.2) MconjpXq //

MconjpXCq

MconjpXCq //MconjpXC\Cq
where X? are given by pulling back the diagram X to the respective categories
and the maps in the square are likewise given by pullback functors, to the pullback
diagram
(C.4.3) MconjpXN7q //

MconjpXCˆV q

MconjpXCˆV q //MconjpXC\Cq
(To make sure that the squares are really pullbacks, we assume here that we work
inside a convenient category of topological spaces. Alternatively, it is also possible,
and makes little difference, to work with simplicial sets throughout.)
We claim that the maps
MconjpXq ÑMconjpXN7q
MconjpXCq ÑMconjpXCˆV q
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are weak equivalences. To see this note that the functors C ˆV Ñ C and N7 Ñ N
admit sections C Ñ C ˆ V , c ÞÑ pc, v1q, and N Ñ N
7, similarly. These give pairs
of maps between the respective moduli spaces
MconjpXCq Ô MconjpXCˆV q
MconjpXq Ô MconjpXN7q
which are inverse weak equivalences because their composites are either equal to
the identity or they can be connected to the identity by a zigzag of natural transfor-
mations. In fact, this zigzag is actually defined by natural transformations already
available at the level of the indexing posets: it is essentially the zigzag connecting
the identity functor on V to the constant functor at v1 P V . Note that this uses
that XCˆV is pulled back from X : N Ñ M and so the values of XCˆV in the
V -direction are weak equivalences.
Moreover, the square (C.4.3) is actually a homotopy pullback. The proof of
this is similar to [20, Lemma 7.2]. The homotopy fibers of the vertical maps can
be identified with homotopy equivalent spaces (the arguments are comparable to
Theorem C.3.2). It follows that (C.4.2) is also a homotopy pullback. By [20, 8.3],
we have a weak equivalence
MconjpXCq
„
Ñ
ź
n
MpXďnq
and so the homotopy pullback of (C.4.2) is weakly equivalent to holimnMpXďnq.
This means that the map MconjpXq
„
Ñ holimnMpXďnq, which is canonically in-
duced by the restriction maps rn, is a weak equivalence, as required. 
Remark C.4.4. In our applications the diagram X will correspond to a form of
dual Postnikov tower, meaning in particular that each value Xpnq is determined
by Xpmq for any m ą n. More specifically, in such cases, one has an obvious
weak equivalence MpXďnq »MpXpnqq, which simplifies the statement of Theorem
C.4.1.
Remark C.4.5. The methods of [20] apply more generally to arbitrary diagrams
X : C ÑM. The only point of caution is related to making sure that certain cat-
egories of diagrams in M are again simplicial model categories so that the results
of this section, most notably Theorem C.3.1, can be applied. If M is cofibrantly
generated, then diagram categories overM can be equipped with such model struc-
tures, but as long as there is a model structure on the relevant diagram categories,
cofibrant generation of the model structure on M is not needed.
References
[1] J. Ada´mek, J. Rosicky´, and E. M. Vitale. Algebraic theories. A categorical introduction to
general algebra. With a foreword by F. W. Lawvere, Volume 184 of Cambridge Tracts in
Mathematics. Cambridge University Press, 2011.
[2] J. F. Adams. On the non-existence of elements of Hopf invariant one. Ann. of Math. 2(72):20–
104, 1960.
[3] H.-J. Baues and D. Blanc. Comparing cohomology obstructions. J. Pure Appl. Algebra
215(6):1420–1439, 2011.
[4] H.-J. Baues and M. Jibladze. The Steenrod Algebra and Theories Associated to Hopf Algebras.
Applied Categorical Structures, 12:109–126, 2004.
[5] C. Berger and I. Moerdijk. On an extension of the notion of Reedy category. Math. Z. 269(3-
4):13–28, 2011.
[6] D. Blanc. New model categories from old. J. Pure Appl. Algebra 109(1):37–60, 1996.
THE REALIZATION SPACE OF AN UNSTABLE COALGEBRA 117
[7] D. Blanc. Realizing coalgebras over the Steenrod algebra. Topology 40(5):993–1016, 2001.
[8] D. Blanc, W. G. Dwyer, and P. G. Goerss. The realization space of a Π-algebra: a moduli
problem in algebraic topology. Topology 43:857–892, 2004.
[9] D. Blanc and C. Stover. A generalized Grothendieck spectral sequence. In Adams Memorial
Symposium on Algebraic Topology, 1 (Manchester, 1990), Volume 175 of London Math. Soc.
Lecture Note Ser., 145–161. Cambridge Univ. Press, 1992.
[10] J. Boardman. Conditionally convergent spectral sequences. In Homotopy Invariant Algebraic
Structures: A Conference in Honor of J. Michael Boardman, Volume 239 of Contemp. Math.,
49–84. Amer. Math. Soc., Providence, RI, 1999.
[11] A. K. Bousfield. Operations on Derived Functors of Non-additive Functors. Preprint, 1967.
[12] A. K. Bousfield. On the homology spectral sequence of a cosimplicial space. Amer. J. Math.
109(2):361–394, 1987.
[13] A. K. Bousfield. Homotopy spectral sequences and obstructions. Israel J. Math. 66(1-3):54–
104, 1989.
[14] A. K. Bousfield. Cosimplicial resolutions and homotopy spectral sequences in model cate-
gories. Geom. Topol. 7:1001–1053, 2003.
[15] A. K. Bousfield and D. M. Kan. The homotopy spectral sequence of a space with coefficients
in a ring. Topology, 11:79–106, 1972.
[16] Se´minaire Henri Cartan. Alge`bre d’Eilenberg-Maclane et homotopie. Volume 7, 1954-55.
NUMDAM.
[17] Y. Doi. Homological coalgebra. J. Math. Soc. Japan 33(1):31–50, 1981.
[18] D. Dugger. Classification spaces of maps in model categories. arXiv:math/0604537.
[19] W. G. Dwyer. Higher Divided Squares in Second-Quadrant Spectral Sequences. Transactions
of the American mathematical Society 260(2):437–447, 1980.
[20] W. G. Dwyer and D. M. Kan. A classification theorem for diagrams of simplicial sets. Topol-
ogy 23(2):139–155, 1984.
[21] W. G. Dwyer and D. M. Kan. Function complexes in homotopical algebra. Topology
19(4):427–440, 1980.
[22] W. G. Dwyer and D. M. Kan. Simplicial localizations of categories. J. Pure Appl. Algebra
17(3):267–284, 1980.
[23] W. G. Dwyer and D. M. Kan. Calculating simplicial localizations. J. Pure Appl. Algebra
18(1):17–35, 1980.
[24] W. G. Dwyer, D. M. Kan, and C. R. Stover. An E2 model category structure for pointed
simplicial spaces. J. Pure Appl. Algebra 90(2):137–152, 1993.
[25] W. G. Dwyer, D. M. Kan, and C. R. Stover. The bigraded homotopy groups pii,jX of a pointed
simplicial space. J. Pure Appl. Algebra 103:167–188, 1995.
[26] S. Eilenberg and J. C. Moore. Homology and fibrations. I. Coalgebras, cotensor product and
its derived functors. Comment. Math. Helv. 40:199–236, 1966.
[27] Y. Fe´lix. De´formation d’espaces rationnels de meˆme cohomologie. C. R. Acad. Sci. Paris Se´r.
A–B 290(1):A41–A43, 1980.
[28] G. Gaudens and L. Schwartz. Applications depuis K(Z/p, 2) et une conjecture de N. Kuhn.
Ann. Inst. Fourier (Grenoble) 63(2):763–772, 2013.
[29] P. Goerss and M. Hopkins. Moduli problems for structured ring spectra.
http://www.math.northwestern.edu/„pgoerss/.
[30] P. G. Goerss and M. J. Hopkins. Moduli spaces of commutative ring spectra. In Structured
ring spectra, Volume 315 of London Math. Soc. Lecture Note Ser., 151–200. Cambridge Univ.
Press, Cambridge, 2004.
[31] P. G. Goerss and J. F. Jardine. Simplicial homotopy theory. Modern Birkha¨user Classics.
Birkha¨user Verlag, Basel, 2009. Reprint of the 1999 edition.
[32] T. G. Goodwillie. A remark on the homology of cosimplicial spaces., Journal of Pure and
Applied Algebra 127: 167-175, 1998.
[33] S. Halperin and J. Stasheff. Obstructions to homotopy equivalences. Adv. in Math. 32(3):233–
279, 1979.
[34] J. Harper. H-space with torsion. Mem. Amer. Math. Soc. 223, 1979.
[35] R. G. Heyneman and D. E. Radford. Reflexivity and coalgebras of finite type. J. Algebra
28:215–246, 1974.
[36] M. A. Hill, M. J. Hopkins, and D. C. Ravenel. On the non-existence of elements of Kervaire
invariant one. Ann. of Math. (2), 184(1):1–262, 2016.
118 GEORG BIEDERMANN, GEORGIOS RAPTIS, AND MANFRED STELZER
[37] N. J. Kuhn. Generic representation theory and Lannes’ T-functor. Adams Memorial Sympo-
sium on Algebraic Topology, no. 2 (Manchester, 1990), 235262, Volume 176 of London Math.
Soc. Lecture Note Ser.. Cambridge Univ. Press, Cambridge, 1992.
[38] J. Lannes. Sur les espaces fonctionnels dont la source est le classifiant d’un p-groupe abe´lien
e´le´mentaire. Inst. Hautes E´tudes Sci. Publ. Math. 75:135–244, 1992.
[39] J.-M. Lemaire and F. Sigrist. De´nombrement de types d’homotopie rationelle. C. R. Acad.
Sci. Paris Se´r. A–B 287(3):A109–A112, 1978.
[40] A. Liulevicius. The factorization of cyclic reduced powers by secondary cohomology opera-
tions. Mem. Amer. Math. Soc. 42, 1962.
[41] J. Lurie. Higher Topos Theory. Number 170 in Annals of Mathematics Studies. Princeton
University Press, Princeton and Oxford, 2009.
[42] W. S. Massey and F. P. Peterson. The mod 2 cohomology structure of certain fibre spaces.
Mem. Amer. Math. Soc. 74, 1967.
[43] J. McCleary. Mod p decompositions of H-spaces; another approach. Pacific J. Math.
87(2):373–388, 1980.
[44] H. Miller. The Sullivan conjecture on maps from classifying spaces. Ann. of Math. 120(1):39–
87, 1984.
[45] J. W. Milnor and J. C. Moore. On the structure of Hopf algebras. Ann. of Math. 81(2):211–
264, 1965.
[46] J. Neisendorfer. Algebraic methods in unstable homotopy theory, Volume 12 of New Mathe-
matical Monographs. Cambridge University Press, Cambridge, 2010.
[47] H. E. Porst, On corings and comodules. Arch. Math. (Brno) 42(4):419–425, 2006.
[48] D. G. Quillen. Homotopical algebra. Lecture Notes in Mathematics, No. 43, Springer-Verlag,
Berlin, 1967.
[49] D. Quillen. Rational homotopy theory. Annals of Mathematics 90:205–295, 1969.
[50] D. C. Ravenel. The non-existence of odd primary arf invariant elements in stable homotopy.
Math. Proc. Cambridge Philos. Soc. 83(3):429–443, 1978.
[51] D. Rector. Steenrod Operations in the Eilenberg-Moore Spectral Sequence. Comment. Math.
Helv., 45:540–552, 1970.
[52] C. Rezk. Notes on the Hopkins-Miller theorem. In Homotopy theory via algebraic geometry
and group representations (Evanston, IL, 1997), Volume 220 of Contemp. Math., 313–366.
Amer. Math. Soc., Providence, RI, 1998.
[53] M. Schlessinger and J. Stasheff. Deformation Theory and Rational Homotopy Type.
arXiv:math.QA/1211.1647.
[54] L. Schwartz. Unstable modules over the Steenrod algebra and Sullivan’s fixed point set con-
jecture. Chicago Lectures in Mathematics. University of Chicago Press, Chicago, IL, 1994.
[55] L. Schwartz. A propos de la conjecture de non-re´alisation due a` N. Kuhn. Invent. Math.
134(1):211–227, 1998.
[56] J. P. Serre. Cohomologie modulo 2 des complexes d’Eilenberg-MacLane. Comment. Mat. Helv.
27:198–232, 1953.
[57] B. Shipley. Convergence of the homology spectral sequence of a cosimplicial space. Amer. J.
Math., 118:179–207, (1996).
[58] N. E. Steenrod. The cohomology algebra of a space. Enseignement Math. (2), 7:153 – 178,
1961, (1962).
[59] D. Sullivan. Infinitesimal computations in topology. Inst. Hautes E´tudes Sci. Publ. Math.
47:269–331, 1977.
[60] M. E. Sweedler. Hopf algebras. Mathematics Lecture Note Series. W. A. Benjamin, Inc., New
York 1969.
LAGA, Institut Galile´e, Universite´ Paris 13, 99 Avenue JB Cle´ment, 93430 Villeta-
neuse, France
E-mail address: biedermann@math.univ-paris13.fr
Fakulta¨t fu¨r Mathematik, Universita¨t Regensburg, 93040 Regensburg, Germany
E-mail address: georgios.raptis@mathematik.uni-regensburg.de
Institut fu¨r Mathematik, Universita¨t Osnabru¨ck, Albrechtstrasse 28a, D-49076 Os-
nabru¨ck, Germany
E-mail address: mstelzer@uni-osnabrueck.de
